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Real Business in the Eighth Grade 


By Curistine A, BROWN 
Ball State Teachers College, Muncie, Indiana 


“Wy CAN’T we have a store for the accommodation of our school? 
It would be much more convenient to buy books and school supplies 
right here in the building. And what fun it would be!” 

It was in October, 1930, that the pupils of the 8A class asked 
this question of one another and of their teacher. After carefully con- 
sidering the matter, we finally decided to start a store of our own 
to sell school supplies and second-hand books, but to leave the sale 
of new books to the college book store. This was the beginning of an 
activity which has been enthusiastically continued by each succeeding 
8A class. 

The next question which arose was—‘‘Where shall we get the money 
to equip and stock our store?” We considered how businesses are usu- 
ally started. Having little capital of our own to invest, we decided to 
organize a corporation chartered by the school. The children wrote 
what they considered an appropriate charter for such an organiza- 
tion and submitted it to the principal and to the committee of the 
faculty on extra-curricular activities. With minor alterations this 
charter was used. 

It seemed that seventy-five dollars should be enough money to set 
up a business large enough for our small school. We decided to sell 
three hundred shares at twenty-five cents a share, limiting each per- 
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son to twenty shares. Stock certificates were printed in the school 
print shop by boys of the class. After appropriate advertising, these 
shares were sold to the pupils and teachers of the high school. About 
sixty people became stockholders at the beginning, a number of them 
holding only one or two shares. The charter indicated that a stock- 
holder must own not less than two shares to be eligible for office. 
The stockholders met and elected a board of directors. These di- 
rectors elected their officers, and the organization was complete. The 
board was to have three members from the 8A class, one from the 
9B class, and three members-at-large, with the teacher of the 8A 
mathematics class as an ex-officio member. 

During all this preparation, a committee of boys from the class 
had been building a counter for the little room that had been as- 
signed for the use of the store. 

Another committee had gotten in touch with the wholesale houses 
with the result that representatives from two firms visited our class, 
showed samples, and offered to help us in any way they could. We 
laid in a stock of tablets, notebooks, notebook paper and covers, 
several kinds of pencils, crayons, pens, erasers, and typewriter paper, 
to start with. Later we added stenographers’ pads, paste, ink, pro- 
tractors, and a few other commonly used supplies. We follow the 
plan of ordering only supplies used by more than one group and 
for more than one semester. An occasional exception has been made 
when we have ordered a set of exercise books for one group in which 
each child was required to own a copy. Used books are sold for the 
students at 10 per cent commission. 

The board of directors carries on important business with regard 
to policy, but the operation of the store is left to the current 8A 
class. Committees take care of purchasing, advertising, and such 
matters. The members of the class act as clerks in rotation, each 
child having an opportunity to share that responsibility with one 
other child for about two weeks during the semester. The store is 
open each day for twenty minutes before the opening of school. By 
passing the project on from one 8A class to the next each half year, 
a vital interest in the store is shared by older children who have 
had a part in it, and by younger children who are looking forward 
to that privilege. Excitement is high in the 8B class when their time 
to take over the store draws near, and it seems to them absolutely 
necessary to know as much as possible about business and the mathe- 
matics connected with it. 
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Financially the store has been almost too much of a success. Our 
first dividend, on June 1, 1931, was five cents a share; and our sec- 
ond dividend, on January 1, 1932, was fifteen cents a share. As the 
par value of a share is twenty-five cents this amounts to an 80 per 
cent dividend. This unusual profit seems unavoidable. We have con- 
sidered that it would not be fair to undersell other merchants, and 
have not done so. Our overhead is small. We do, however, pay the 
school a rent equal to 5 per cent of our gross sales. It is understood 
that this rent includes light and heat. We also pay the state store tax. 

Provision was made in the charter for a future demand for stock 
by oncoming 8A classes. Pupils leaving school must sell their stock. 
It is also here specified that stockholders in the more advanced classes 
should, upon request of the board, sell half of their stock to members 
of the class about to take over the operation of the store, if the de- 
mand could not otherwise be supplied. The wisdom of this provision 
is already apparent. Some shares have sold above par. Upperclass- 
men, hitherto not stockholders, have offered forty cents, but with 
little success. “Rate of income on investment” is a phrase no longer 
meaningless to these boys and girls. 

It has been our purpose and practice to make the primary ob- 
jective of this activity an educational one. Most of the business arith- 
metic usually taught in the eighth grade is an integral part of our 
project. Topics given in textbooks under such captions as banking, 
profit and loss, stocks and bonds, commission, taxes, and insurance 
are not taught as logical units in our eighth grade. We need to know 
them in our business, and we learn about them when we need them. 
Needless to say, these children have a better understanding of these 
business practices and transactions through these real experiences than 
did the children who acquired the knowledge as “book larnin’.” Cor- 
poration, dividends, above par, are common terms in our school and 
homes now. Cash accounts are easily balanced because of weekly 
practice for a whole semester for the book store. Check stubs are 
correctly kept for a real bank account. Inventories are taken weekly. 
Among the more general benefits derived from the project are the 
necessity for absolute accuracy, the continual use of checking, and 
the importance of neat and legible records. The weekly inventory, 
which is taken by two groups, whose results must check, must in 
turn show sales which check with the cash receipts for the week. A 
mistake on Tuesday shows up on Friday, if indeed it did not appear 
on Tuesday when the cash taken in was checked with the sales record. 
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We do not as yet have a cash register, but do not feel that we are 
greatly handicapped. Perhaps the care and work necessitated by the 
lack are worth more than learning to use the cash register. 

At the semi-annual dividend period, or when the business is turned 
over from one class to the next, the total assets and profit are com- 
puted by the class. The board of directors checks the work and de- 
clares a dividend. A committee of teachers and pupils, appointed by 
the principal of the school, audits the books. 

It is evident that such a project is not bounded by the mathematics 
department. The English department assisted with the writing of 
the charter, and with the learning of the proper parliamentary pro- 
cedure for the business meetings. The business letters are written in 
the English class. There has been much opportunity for oral Eng- 
lish both in classroom discussions and in the making of announce- 
ments in classes and in convocation. The children have been inspired 
to do a certain amount of research, and have sought the aid of the 
English department. The art department aids the advertising com- 
mittee in the making of posters. The industrial arts department gives 
hearty co-operation with the printing and carpenter work. The so- 
cial studies teacher has an opportunity here for the study of cor- 
porations, banking, and so forth. It is hard to find a department not 
concerned in any way with our little business. Teachers in the ele- 
mentary school from the primary grades up, capitalize on the chil- 
dren’s experiences in coming to the store to make their purchases, 
both in their number work and in oral composition. The success of 
the project has been due largely to the excellent spirit of co-opera- 
tion among the teachers. Perhaps an activity such as this is an ap- 
proach toward an ideal apparently foreign to a departmental school; 
namely, the integration of the child’s learning experiences. 





National Council Members 


The Eighth Yearbook of The National Council of Teachers of 
Mathematics on “The Teaching of Mathematics in Secondary 
Schools” may be secured from The Bureau of Publications, Teachers 
College, Columbia University, 525 West 120th St., New York City. 
Price $1.75 for a bound volume. 














Teaching and Learning 





By Josepu B. ORLEANS 
Chairman of the Mathematics Department 
George Washington High School, New York City 


and 


Jacos S. ORLEANS 
Editorial Staff, World Book Company, Yonkers, New York 


THE PURPOSE of teaching is to get pupils to learn. Yet we say 
that we learn only through learning. Teaching, therefore, means con- 
fronting the pupils with situations from which they learn, putting 
them through experiences which result in the modifications of be- 
havior that we wish to produce. 

It is surprising that so little has been done to find out how well 
pupils can learn without being taught—that is, if the learning situa- 
tions are provided with the teacher in the background. This study 
reports the results of eliminating the teacher altogether, the conclu- 
sions, therefore, being even more striking than if the teacher had 
been included as a guide or helper. 

In February, 1932, the Orleans Algebra Prognosis Test and the 
Orleans Geometry Prognosis Test were administered to the pupils 
in the George Washington High School, New York City, who were 
to begin the study of algebra and geometry respectively. Each of 
these tests provides a series of lessons—learning situations. Each les- 
son is followed by a test. In addition there is a summary test cover- 
ing the work of all the lessons. The scope of the tests may be indi- 
cated by the fact that the last two lessons in the algebra test are 
on addition of positive and negative terms (including like and unlike 
terms with exponents) and the solution of problems by algebraic pro- 
cedures. The last lesson in the geometry test is on the solution of 
original problems. The total time for each of the two prognosis tests 
is approximately 80 minutes. The average score in the algebra test 
is 95 out of a possible 225 points, and in the geometry test 75 out 
of a possible 185 points. The pupils took the tests before they had had 
any instruction in the subject and without any assistance from the 
teacher. 
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At the end of six weeks of instruction by a teacher in the class- 
room, the summary test of the Algebra Prognosis Test was adminis- 
tered to 219 pupils and the summary test of the Geometry Prognosis 
Test was administered to 187 pupils. This was repeated in the fall 
term of 1932 with 215 pupils in algebra and 412 pupils in geometry. 
It was then possible to compare their scores on the original test be- 
fore they had had any instruction in algebra or in geometry, except 
as provided in the lessons of the prognosis test, with their scores after 
six weeks of instruction. 

The instruction in algebra covered the following topics: the lan- 
guage of algebra, the use of letters to represent numbers, the ex- 
ponent, substitution in algebraic expressions and in formulas, signed 
numbers, the bar graph and the line graph, algebraic representation, 
simple equations, simple problems, addition and subtraction of alge- 
braic expressions. The instruction in geometry covered the following 
topics: 

1. Constructions: constructing a triangle given the three sides, two sides and 
the included angle, two angles and the included side; bisecting a line; bisecting 
an angle; constructing the medians of a triangle and the angle bisectors of a 
triangle; constructing a perpendicular from an external point to a line, and the 
altitudes of a triangle. 

2. Terms: triangle, vertical, horizontal, oblique, radius, arc center, sides, mid- 
point, bisect, median, angle, acute right, obtuse, straight, vertical angles, ad- 
jacent angles, congruent triangles, corresponding parts of congruent triangles, 
perpendicular, altitude, distance, supplementary angles, complementary angles. 

3. Axioms: 

Sums of equals are equal. 
Differences of equals are equal. 
Halves of equals are equal. 
Doubles of equals are equal. 

4. Demonstration: 


Vertical angles are equal. 
The congruent triangle theorems. (postulated) 
Exercises based on congruent triangles. 


In order to give a complete picture of the situation, the two tests 
are reproduced here. 


Summary Test in Algebra’ 


1. If c = 5 and n = 2, what does cn equal? 1, SE eee er cee eee 
2. If a = 3 and b = 4, what does Sab’ equal? ee Ce 


*From the Orleans Algebra Prognosis Test, copyright 1928 by the World Book 
Company, Yonkers-on-Hudson, New York. 
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6. If angle 1 equals angle 2, then angle 5 equals angle 3. Write 
your reason for this statement. Do not give as your reason the 
statement that vertical angles are equal. 


Ns dance essa cisco al neil aie aetiasn soba cmoiionaaiia ei 
7. What kind of angle is angle 1? ¢) Se 
8. What kind of angle is angle AEF? eer es 
9. How many degrees are there in angle 6? (Ee eee 


Figure 2 is a rhom- 
bus; that is, its 
four sides are 
equal. Line BD 
bisects angle ABC, 
and it also bisects 
angle ADC. 

10. Name a pair 





of angles that 
are therefore 
equal. (| Ree 
Fic. 2 11. Name another 
pair of angles 
that are there- 








fore equal. ‘(| Seems 
12. What name is given to line BD? COR a cnsaeits 
13. In triangle BCD, what side is opposite angle C? Fe acts ieee 
14. In triangle BCD, what angle is opposite side BC? | eee 
15. Name a pair of equal lines in Figure 2. —————— 


16. If angle 1 equals angle 3 and angle 2 equals angle 4, then 

angle ABC equals angle ADC. Write your reason for this state- 

ment. IO chk sciences cbdeaensinininabaneaioromnnankiaia 
17. and 18. Triangles ABD and CBD in Figure 2 are congruent. 

Mark the equal parts in the diagram that make them congru- 

ent and write the reason in full. 

eh, SECS re tree ee eee ee eR ere 

Draw line AC in Figure 2. Write letter P at the point where 

it crosses line BD. Line AC bisects line BD, and line BD bi- 

sects line AC. Line AC is perpendicular to line BD. 


19. Name two lines that are therefore equal. a 
20. Name two other lines that are therefore equal. ee 
21. How many degrees are there in each of the four angles formed 

at P? 5 |) ee 


It should be noted that the work taught in the first six weeks both 
in algebra and in geometry included at least the topics covered by 
the questions in the test. In the algebra the additional work consisted 
of the bar graph and the line graph and addition and subtraction of 
polynomials. In the geometry the additional work consisted of the 
constructions and the informal geometry associated with them. This 
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should have served as a background to make the demonstrative work 
that followed more meaningful. Because of the additional topics, it 
was necessary in the geometry test to modify the wording of some 
of the questions. For example, question 5 was worded originally as 
follows: “If angle 1 equals angle 2, then angle FED equals angle 
GEC.” Since this question tests the knowledge of an axiom, it was 
necessary to warn the pupils not to treat the angles as vertical angles 
with which they had become very familiar during the six weeks. 


TABLE 1 
Distribution of Differences between Scores on the First and Second Administering 
of Test 12 of the Orleans Algebra Prognosis Test in the George Washington High 
School, New York City, February and September 1932 














Number of Points by Number of Cumulative Per Cent of 
Which Score on Second Pupils Frequencies Total 
Test Differed from - 
Score on First Test Feb. Sept. Feb. Sept. Feb. Sept. 
-11 or -12 4 4 1.8 
- 9 or -10 4 8 3.7 
-7or-8 14 3 22 3 10.0 1.4 
- 5 or - 6 6 2 28 5 12.8 2.4 
-3or-4 8 5 36 10 16.4 4.7 
-lor-2 21 8 57 18 26.0 8.4 
0 13 7 70 25 32.0 11.6 
ier 2 37 kj 107 62 48.9 28.8 
3 or 4 38 28 145 90 66.2 41.9 
Sor 6 23 35 168 125 76.7 58.1 
7 or 8 6 19 174 144 79.4 67.4 
9 or 10 8 8 182 152 83.1 70.7 
11 or 12 13 14 195 166 89.0 772 
13 or 14 14 13 209 179 95.4 83.3 
15 or 16 7 22 216 201 98.6 03.5 
17 or 18 3 10 219 211 100.0 98.2 
19 or 20 2 213 99.1 
Zi of 22 z 215 100.0 
219 215 





Table 1 shows the comparison for the algebra scores. It indicates 
the number of pupils whose scores on the second test were each a 
stated number of points lower or higher than their scores on the 
first test. The table is read as follows: In the term beginning Febru- 
ary, 1932, 4 pupils obtained scores that were 11 or 12 points lower 
on the second test than they did on the first taking of the same test; 
4 pupils obtained scores on the second test that were 9 or 10 points 
lower than on the first test; and so on. The mean score on the first 
testing was 9.2 points and on the second testing 12.3 points out of 
a possible 25 points—a gain of 3 points as a result of six weeks of 








' 
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instruction by a teacher. In the September, 1932, term the mean gain 
was 6 points as a result of six weeks of instruction. 

The last column in the table shows that in the first group 32 per 
cent and in the second group 11.6 per cent obtained scores on the 
second test that were lower than or no higher than the scores on the first 
test. No allowance is made for whatever gain may have resulted 
merely from the taking of the same test the second time. 

Table 2 shows the corresponding data for the geometry test. It can 
be seen from this table that in the first group 14.4 per cent and in 
the second group 17.5 per cent of the pupils obtained scores on the 
second test that were no higher than or were lower than their scores 
on the first test. The mean score on the first test was 6.4 points and 
on the second test 11.5 points out of a possible 21 points—a mean 
gain of 5.1 points in the February term. For the second group the 
mean gain was 4.4 points. Here again no allowance was made for 
whatever gain may have resulted from taking the same test a second 
time. 


TABLE 2 


Distribution of Differences between Scores on the First and Second Administerings 
of Test 10 of the Orleans Geometry Prognosis Test in the George Washington High 




















Number of Points by Number of Cumulative Per Cent of 
Which Score on Second Pupils Frequencies Total 
Test Differed from - 
Score on First Test Feb. Sept. Feb. Sept. Feb. Sept. 
-7or-8 2 2 a 
- 5 or - 6 1 2 1 4 5 1.1 
-3or-4 2 20 3 24 1.6 5.9 
-lor-2 12 31 15 55 8.0 13.3 
0 12 17 27 72 14.4 2 
Leo 2 19 81 46 153 24.6 37.1 
3 or 4 37 97 83 250 44.4 60.7 
Sor 6 34 71 117 321 62.6 77.9 
7 or 8 33 57 150 378 80.3 91.8 
9 or 10 22 20 172 398 92.0 96.6 
11 or 12 2 8 184 406 98.4 98.5 
13 or 14 3 3 187 409 100.0 99.3 
15 or 16 2 411 99.8 
17 or 18 1 412 100.0 
187 412 





The teachers in the mathematics department in which the tests 
were used are of relatively high caliber. They all have the master’s 
degree, they have taken at least a minimum of certain required courses 
in mathematics and in education, and they have had careful training 
in service and long terms of experience in teaching. The average 
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achievement of the department is high as compared with norms of 
such tests as the Columbia Research Bureau Algebra Test, the Orleans 
Plane Geometry Achievement Test, and the American Council Tests 
in Solid Geometry and in Trigonometry. In other words, in compari- 
son with mathematics teaching in other schools, the teaching in this 
school is relatively good. What conclusions can one draw, therefore, 
from this experiment? 

The evidence can hardly be considered conclusive, although it is 
striking. Further evidence should be obtained in algebra and in ge- 
ometry, and also in other high school subjects. It would be inter- 
esting to evaluate the results of teaching in the elementary school 
in the same way. It would not be unreasonable, however, to interpret 
the present data with the conclusion that pupils learn far less with 
present teaching methods than they are capable of learning—cer- 
tainly far less than they can learn by themselves from carefully pre- 
pared materials provided in the form of learning situations. In this 
connection it should be pointed out that the average scores on the 
tests made by the pupils who have had no experience in learning the 
subjects have a very significant implication. Merely from some 25 
minutes of learning with simple prepared lessons these pupils* do 
correctly 90 algebraic tasks and 75 geometric tasks, including the 
solution of problems, in a total of 45 to 55 minutes of testing time. 
This is seemingly an impossible result when compared with achieve- 
ment resulting from class instruction, but actually a result obtained 
from almost any prospective algebra or geometry class. 

An evaluation of test norms in the case of high school mathe- 
matics would show that the average achievement of pupils at the 
end of a year’s instruction in algebra or geometry is exceedingly 
meagre. In view of the amount of time and energy spent by the 
pupils and the opportunities that they should have for learning and 
development, it would seem essential to determine the procedures 
by which learning can be improved, assuming that pupils who study 
the academic subjects should learn them efficiently. The expendi- 
ture of public moneys for the purposes of high school education alone 
would justify this contention, entirely apart from the consideration 
of the pupils for whom the schools exist. 


* The average scores for the prognosis tests are based on approximately 1000 
cases each from 10 schools. 
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. If g = 16 and t = ¥Y, what does S equal in the for- 
mula S = Ygt?? (3) 

. Using the letters r and s, represent the sum of a num- 
ber and twice another number. 

. If a train travels p miles in one hour, how many miles 
will it travel in 4 hours? 

. What is the short way of writing the expression 
Sccnsss? 

. If a = 2 and g = 5, what does a* — 2a’g equal? 

. Using the letters m and v, represent a number divided 
by three times another number. 

. Copy the like terms among the following: 2ax, az’, 
3a°x, Sax’, ax’, 7ax’ 

. + $4-3—342—Tee? 

. If k books cost d dollars, what does one book cost ? 

. In the formula F = % c + 32, what is the value of 
F if c = 25? Ris ccticisbunsnecaseeaes 

. What does d* mean? 

. What is the total weight of m chickens weighing r 

pounds each ? 

. km? — 2k — 3km’? + 3k — 7dm = ? 

. The sum of two numbers is 48. The second number 
is three times as large as the first. What are the num- 
bers? 





Summary Test in Geometry’ 
Cc In Figure 1, lines 

AB and CD are 

perpendicular. 

They cross at E 

to form right an- 

gles. Line FG is 

drawn through E£. 

1. Name one right 
angle in the 
figure. 

. Name an angle 
that is comple- 
mentary to an- 
gle 3. 








D 
Fic. 1 


3. Name an angle that is equal to angle 3. 

4. Name a pair of vertical angles. 

5. If angle 1 equals angle 2, then angle FED equals angle GEC. 
Write your reason for this statement. Do not give as your 
reason the statement that vertical angles are equal. 


(| 





*From the Orleans Geometry Prognosis Test, copyright 1929 by the World 
Book Company, publishers, Yonkers-on-Hudson, New York. 
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Drawing for Teachers of Solid Geometry 





By Joun W. BRADSHAW 
University of Michigan, Ann Arbor, Michigan 


PART FOUR 


IN EARLIER parts of this discussion’ we have been concerned with 
the picturing in oblique parallel projection of certain simple solids 
bounded by plane surfaces. In this part we shall continue the study 
with a consideration of the simplest curved surfaces, the right circu- 
lar cylinder and the sphere. The Appendix on “Drawing” (pages 35- 
39) of Document No. 108 of the College Entrance Examination 
Board on Geometry furnishes the outline; the following quotations 
are taken from this Document. References to figures are to the figures 
in that document, some of which are reproduced in this article. 























Figure 6.2 Figure (a) represents a right circular cylinder divided 
into four equal parts by two planes at right angles. It is frequently 
possible to use but one-fourth of the cylinder, which may be drawn 
as in Figure (b). 

When, however, Figure 6(a) is needed it is well to draw it free- 
hand, including only such construction lines as are required. The arcs 
of ellipses of Figure 6(b) may be drawn free-hand. If care be taken 
that they have the right directions at their extremities as indicated by 


*Part One, MatHematics Teacuer, Vol. XVII (1924), pp. 475-481; Part 
Two, MatHematics TeacHER, Vol. XVIII (1925), pp. 37-45; Part Three, 
MatTHematics TEeacuer, Vo!. XIX (1926), pp. 400-407. 

* See Fig. 25 in this article. 
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the dotted lines, it is not difficult to draw them with sufficient ac- 
curacy to make the figure look right. 

In our reproduction of the Document’s Figure 6, we have added 
letters in order that we may be able to call attention to two defects 
in the drawing: the circle in (c) is too small to picture the base in 
true size, MB should be equal to M*B* in (b); A*C* and B*D* in 
(a) should be conjugate diameters of the ellipse; the direction of 
projection in 6(b) is not the same as that in 6(a). 

With the remark on drawing (b) we agree. To make clear the rea- 
sons for this remark let us draw in accordance with the general 
principles which we have laid down as underlying parallel projection 
a figure which might replace 6(a) (b) (c). 

We have seen that the problem of representing a right prism or 
regular pyramid in upright position is essentially the problem of pic- 
turing the base. The same may be said of the right circular cylinder 
and right circular cone, only here the base is a circle. We propose 
then to consider the problem of drawing the picture of a circle lying 
in the xy plane. For definiteness let us take the center M of the circle 
at the point (5, 4, 0) and make its radius two units. 

After drawing our axes with 
their units and the triangle 
X*OX, (Figure 26) we begin 
by drawing the circle & as re- 
volved into the picture plane 
about OY and there denoted by 
k,. If P, is any point on this 
circle its picture P* is readily 
found; by repeating this process 
we could find a large number of 
points and sketch the picture 
curve k* through them, but this 
process would be tedious. In- 
stead let us first circumscribe 
about the circle the square 
ABCD whose sides are parallel to the x and y axes. The mid-points 
of these sides, E, F, G, H, are the points of contact with the circle. 
Then if A*B*C*D* is the parallelogram which pictures the square 
and E*, F*, G*, H* are the pictures of the mid-points, the problem 
of the free-hand sketch is this: draw a curve inscribed in the parallelo- 
gram A*B*C*D* and touching its sides in their mid-points. To com- 























Fic. 26 





Beg ies IR Ol tes 
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plete the drawing let us represent a quarter of the cylinder erected 
on the quadrant EMF of the circle. 

The figure shows quite clearly that if we were drawing only the 
quarter of the cylinder the arc E*F* should have the direction of the 
y-axis at E* and of OX* at F*. While the Board is, in my opinion, 
quite right in requiring of the pupil no more knowledge of the curve 
than this, the teacher ought not to rest content here. He ought to 
know that the curve is an ellipse of which E*G* and F*H* are a pair 
of conjugate diameters and he should be able to draw the ellipse by 
first finding its axes. In this connection it may be well to remark that 
while it is easy to sketch a good arc E*F* it is not at all as easy to 
sketch the whole curve. It is a delicate matter to know how far to 
make it run up into the corners toward A* and C*. So there is good 
reason for drawing only the quarter of the cylinder when it will suf- 
fice for the problem in hand. 

Figures 7, 8, and 9. In representing the 
intersection of surfaces it is usually sufficient 
to show only a portion of the curve of inter- 
section. Figure 7 represents the intersection of 
a cylindrical surface and a plane meeting the 
axis at an angle of 45°. This figure, our Figure 
27, is suggestive of the Woodman Problem 
familiar to students of calculus. Professor Os- 
good in his /ntroduction to the Calculus, p. 
320, gives directions for drawing it. Not only Fic. 27 
is AQB the arc of an ellipse, but so also is 
ARD. Of this latter ellipse OD and OA are a pair of conjugate semi- 
diameters. 

Figures 8(a) and 8(b) represent the intersection of a cylindrical 
surface and a spherical surface, the center of the sphere lying on the 
axis of the cylinder. Figures 9(a) and 9(b) represent the intersection 
of a conical surface of vertical angle 90° with a spherical surface, the 
vertex of the cone being at the center of the sphere. 

In each of these cases only one-eighth of the whole figure is drawn. 

The representation of doubly curved surfaces such as the sphere 
presents further difficulties and the Board is wise in limiting the re- 
quirement to simple cases of which Figure 8b in the Document is 
typical. Our Figure 28 is a reproduction with slight modifications. The 
center of the sphere has been taken as the origin of a system of coor- 
dinates and the axis of the cylinder has been chosen as z-axis. A 
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quarter of one of the two circles which 

form the complete intersection is shown, 

it being considered sufficient to picture 

that part of the figure which lies in the 

first octant where the coordinates are all 

3 positive. The sphere itself is suggested 

by the arcs A*B, A*C and BC, which 

are pictures of quadrants of the circles 

in which the sphere cuts the coordinate 

Fic. 28 planes. BC is an actual circular arc, 

while A*B and A*C are arcs of ellipses, 

which may be sketched free-hand observing that the arc A*B should 

have the direction of OB at A* and OA* at B, and A*C should have 
the direction of OC at A* and OA* at C. 

But if the bright boy in the class should want to know what the 
figure would look like in the other octants, ought not the teacher to 
be able to satisfy his curiosity with a consistent drawing? To do so 
he would need first of all to complete the circle and ellipses of which 
BC, A*B, A*C are arcs, the in- 
tersections of the sphere with the 
coordinate planes. This would 
yield Figure 29, a good picture 
of three circles but not satisfying 
to the eye as a picture of a sphere. 
To supply what is lacking here we 
must consider the question: what ~7 
should the picture of a curved \ \ 
surface contain in order that its “ud 
effect on the eye may be convinc- JS } 
ing. he 

When one views an object an ee 
impression is produced on the eye 
by rays of light which may be Fic. 29 
divided into three classes. There 
are those which come from points of the object, there are those which 
come from its surroundings, and between these two classes there are 
those which are just tangent to the object, which enable the eye to 
separate the object from its surroundings, to bound the object. The 
last named rays form a conical surface with its vertex at the eye 
tangent to the object along a certain curve, that we call the true con- 
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tour of the object as viewed from this particular position. In the pic- 
ture we ought to have a corresponding curve to produce the same im- 
pression on the eye. It is the curve of intersection of the picture plane 
with this tangent conical surface; we call it the apparent contour. 

Inasmuch as we are using parallel projection this statement must be 
modified by replacing the conical surface by a cylindrical surface 
made up of rays parallel to the direction of projection. If the object 
is a sphere this cylindrical surface is a right circular cylinder, the true 
contour is a great circle of the sphere and the apparent contour 
is an ellipse. Figure 30 is the same as Figure 29 with this contour 
curve added. 





Fic. 30 


Let us note in how many particulars a familiar figure of the sphere 
which we have reproduced as Figure 31 violates the principles we 
have been following. Since the circle in the yz-plane is used as the 
contour curve, a direction of projection is assumed perpendicular to 
the picture-plane; to produce an xy-ellipse with major axis on OY 
an oblique direction lying in the xz-plane is necessary; to produce an 
xz-ellipse with major axis on OZ an oblique direction lying in the 
xy-plane would be required; and no one of these directions would 
give us OX* as shown. It will be seen then that four different direc- 
tions of projection have been used in this one figure. 

We have thus far been considering oblique parallel projection with 
a picture-plane coinciding with the yz-plane. For the figures of 
spherical geometry a different arrangement has advantages. Let us 
now take our picture-plane oblique to all three coordinate planes 
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but take the direction of projection perpendicular to it. We have then 
what is called orthogonal axonometry. Though a complete discussion 
of this type of projection would extend beyond the limits set for 
this paper, a few very simple observations are sufficient to enable 
one to use it to advantage. 

Draw any ellipse (Figure 32) 
with horizontal major axis DE and 
foci F, F’. If OA* and OB* are a 
pair of conjugate semi-diameters of 
this ellipse and OC* = OF is laid off 
on the line of the minor axis, then 
these three segments may be viewed 
as the orthogonal projections of 
three equal segments OA, OB, OC 

Fic. 32 on three perpendicular axes in 
space. Each of these segments in 
space is equal to the major semi-axis OD of the ellipse. If a circle is 
drawn on DE as diameter it may be viewed as the apparent con- 
tour of a sphere on whose surface lie the points A, B, C and any one 
of these points is a pole of the great circle through the other two. 
Herein lies the advantage of this type of projection for spherical 
geometry: In orthogonal axonometry the apparent contour of a 
sphere is a circle and the poles of any great circle on the sphere can 
be found by the simple considerations here given. Many well known 
text books have figures in which the poles of a great circle are in- 
correctly pictured. 

For drawing the figures associated with the familiar propositions of 
spherical geometry it is convenient to use a set of templets of ellipses 
having the same major axis and differing in their minor axes. These 
may be cut from cardboard for drawing on paper; beaver board is a 
satisfactory material from which to make templets for blackboard 
use. 

It has been the purpose of these articles to arouse an interest in 
the problem of picturing geometrical solids, and gently to call atten- 
tion to the very unsatisfactory solution of the problem exhibited by 
our text books. They have been necessarily sketchy; to anyone who 
desires to pursue the subiect further we recommend the treatment 
in Weber und Wellstein, Encyclopaedie der Elementar-Mathematik, 
Vol. III, Teil II (1912), pp. 1-157. 
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The Quadratic Equation 





By Howarp F. FEHR 
South Side High School, Newark, New Jersey 


THE FOLLOWING METHOD is suggested for the treatment of the 
quadratic equation in the teaching of algebra. The method makes use 
of factoring and substitution in their simplest form. If the quadratic 
is incomplete it can be factored as the difference of two squares, hence 
given the equation. 

x?—a?=0 

it is factored into (x + a) (x —a) =0 
giving x, = —a and x, = a. 

Every other quadratic equation can be transformed into 

x? — 2px + p?—q?=0 (1) 
Where —2p? is the coefficient of the first power of the variable and 
the constant term is p? — g?. Equation (1) can be factored as the 
difference of two squares and solved in the following way: 
anf = 6 
(x—p—q) (x—pt+q) =0 
x, =p+qand x, = p—q. (2) 

Since every equation of the second degree can be changed to the form 
of (1) p can be found, then g is determined from p? — q? and the 
roots are obtained by substituting in (2). 

As an example let it be required to solve 

x?— 4x—5=0 
Comparing with (1) we have —2p = —4 or p= 2 
P—g=—5 or 4—gG=—5. 

Then g? = 9 or g = 3. Substituting in (2) we have x, = 2 + 3 or 
5; x, = 2—3 or —1. Only the positive root of qg? is used since 
the double sign is taken account of in the factoring of equation (1). 

Suppose we are given the equation 


x?—2x+8=0. 


Here —2p = —2 or p = 1. Also p? — g? = 8 whence 1 — qg? = 8; 
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q? = —7 and g = \/—7. Substituting in (2) we have x, = 1+ 
\/—7 and x, = mntyfony sf 

If an equation is given in which the coefficient of the second power 
of the variable is not unity it is first changed to form (1) by dividing 
the equation through by this coefficient. As an illustration solve 
3x? — Sx +2 =0. 

Dividing by 3 we have x? — 5/3x + 2/3 = 0. Then it follows, 
—2p = —5/3 or p = 5/6; p? — q*? = 2/3 or 25/36 — gq? = 24/36 
and gq? = 1/36; g = 1/6 from which we have x, = 5/6 + 1/6 or 1, 
x, = 5/6— 1/6 or 2/3. 

If the use of the formulas is not desired each equation may be solved 
in the same manner as equation (1) by completing the square. Thus 
in the equation 3x? — x — 7 = 0 we have 


x? —1/3x—7/3 = 0, or x? —1/3x + 1/36 — 7/3 — 1/36 = 0 
(x — 1/6)? — 85/36 = 0; (x — 1/6 + 85/6) (x — 1/6 — 


1+ V8  1—V85 


x2 


V 85/6 = 0; whence x, = 
/ 1 ; : 


Theory of Quadratics 


Any quadratic equation can be changed to the form 
x*— 2px + p? —q? =0 


in which the roots are x, = p + q and x, = p—gq. Ii the sum of 
these two roots is taken the result is x, + x, = 2p or the coefficient of 
the first power of the variable with the sign changed. If the product 
of the two roots is taken the result is x, . x, = p? — q? or the constant 
term. This enables us to find the relations of the sum and product of 
the roots of a given quadratic equation or to form an equation given 
the roots. 

From the determination of g? we have at once the character of the 
roots. In a rational quadratic equation p is always rational. Then the 
roots are real or complex according as gq? is positive or negative i.e. 
as q is real or imaginary. Thus if 


q’ is zero, the roots are equal and rational; 
q’ is positive, the roots are unequal and real; 
q’ is negative, the roots are complex. 


To have equal roots in an equation make g? equal to zero. 
q q q eq 
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Maxima and Minima 
The student should be acquainted with the conditions of maxima 
(—x?) and minima (+?) by means of equal roots and the graph. 
The function x? — 2px + p? — q? will be a minimum only when 
it becomes a perfect square or has equal roots. Hence 


x? — 2px + p? — gq? = minimum 


if the minimum equals —g’, for then the resulting expression is 
(x — p)? and the conditions are satisfied. Therefore in any quadratic 
having a minimum value, this value is —q? and the value of the 
variable giving this minimum is x = p. 
For a maximum there must be a —x’, thus in a similar manner 
—x* + 2px — p? + g? = maximum 
or 
x? — 2px + p? — gq? = —maximum 


only if (—maximum) = —g? for then the resulting expression is 
(x— p)? which satisfies the conditions. Therefore in any quadratic 
having a maximum value the expression is first changed to the form of 
(1) and then the maximum value is g? and x = p gives this value. 

As an example let it be required to find the minimum value of the 
expression, x” — 3x— 4. Here —2p equals —3 or p equals 3/2; 
p? — q? equals —4 or —q? equals —25/4. Hence there is a minimum 
value of —25/4, and x equal to 3/2 gives this minimum. 

As a further example let it be required to find the maximum value 
of 3 — 4x — 2x?. In order to change the expression to form (1) we 
take half the function and change every sign, giving the expression 
x? + 2x— 3/2. Here —2p equals 2 or p equals —1. p* — q? equals 
—3/2 or q® equals 5/2. For the last expression the maximum value is 
5/2 but this is only half the original function. The maximum value of 
3 — 4x — 2x? is twice 5/2 or 5 and this maximum is obtained when 
x equals —1. 

A similar approach can be obtained in the following manner; 
+ (x?— 2px + p? —q*) will result in a minimum or a maximum 
when q? equals zero for then the roots are equal. Let the last expres- 
sion equal a minimum or maximum value m; find qg? in terms of m and 
p; allow q? to be zero and the critical value of the expression is given. 

E.g., find the minimum value of x? — 3x — 4. Let 


x? — 3x —4 =m or x? —3x—_4—m=0 


Then —2p equals —3 or p equals 3/2. p? — q? equals —m —4. Sub- 
stituting for p and putting g? equal to zero we have 9/4 — 0 = 
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—m —4. Hence m equals —25/4 and x equal to 3/2 gives this mini- 
mum. 
Similarly to find the maximum value of 3 — 4x — 2x? let 


3 — 4x — 2x? = M or x? + 2x —3/2 + M/2 =0 


Then —2p equals 2 or p equals —1; p? — q? equals —3/2 + M/2. 
Substituting for p and putting qg? equal to zero we have M/2 equals 
5/2 or M equals 5. Hence the maximum value is 5 and this maximum 
is obtained when x equals —1. 

The above method of treatment of the quadratic is suggested be- 
cause of its simplicity, and economy of time and effort in presentation. 
The one method can be used for all quadratics including the theory. 
The answers are always obtained in their simplest form. Complicated 
formulas and radicals are avoided and maxima and minima become 
simple and easily understood operations. 
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Demonstrative Geometry for the Ninth Grade 





By W. D. REEVE 
Teachers College, Columbia University, New York City 


Why Demonstrative Geometry in the Junior High School? If the 
pupil is ever to gain a knowledge of what it actually means to prove 
something and he has to leave school by the end of the ninth grade, 
he ought to be given a chance to study demonstrative geometry while 
he is still in school. We know that some of our greatest mathematicians 
were not awakened to the beauty of the subject until they studied 
geometry. Sir Percy Nunn once told me that he got his first real thrill 
when he came to the theorem about the sum of the angles of a tri- 
angle. It is related that Newton showed little promise until he took up 
the study of geometry. Since the tendency now seems to be to make 
mathematics elective after the ninth grade, it seems only reasonable 
to require an introduction to demonstrative geometry in the ninth 
grade for these and the following reasons: 

1. Demonstrative geometry is not taught to show us how to meas- 
ure. Informal geometry will do that. 

2. Solid geometry is not taught to give us an idea of space rela- 
tions. Trigonometry will do that better. 

3. The purpose in teaching some demonstrative geometry is sug- 
gested by “demonstrative” rather than by “geometry.” 

4. The point of view taken by the British Association’ in their 
recent report ought to satisfy everybody of the futility of trying to 
preserve Euclid’s treatment for all pupils in the light of the character 
of the present high school population. This report quotes Russell as 
follows: 

The fourth proposition is a tissue of nonsense. 
and again, 

The apparent use of motion is deceptive; what, in geometry is 
called a motion, is merely the transference of our attention from one 
figure or set of elements to another. Actual superposition, which is 
nominally employed by Euclid, is not required. 


The report then goes on to postulate the Principle of Congruence 
that 


* Mathematical Association. The Teaching of Geometry in Schools. G. Bell 
and Sons, London, 1923, p. 27-28. 
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Any figure (plane or solid) may be exactly reproduced anywhere. 
Moreover it adds that 

The treatment of similar figures should hold both an earlier and 
a more important place than it could enjoy under the Euclidean 
régime. 

Who Can Profit by Studying Geometry? If all pupils had strong 
native ability, they could dispense with a considerable part of in- 
formal geometry and could proceed with only a slight introduction 
to the demonstrative stage. As it stands today, however, with almost 
all children going to secondary schools, informal geometry consti- 
tutes about all the training in geometry that a considerable body of 
our pupils will be able to absorb with profit. 

On the other hand, the pupil with a fairly high intelligence will 
derive more pleasure and interest in demonstrating that his intuition 
is correct. To do this he must learn to give reasons for every step in 
the thinking process; in other words, to demonstrate. This applies to 
all subjects. The natural sciences are not taught from a vocational 
point of view, but for the purposes of general information and because 
they furnish the student an opportunity to collect and test empirical 
facts. Similarly, mathematics in general and demonstrative geometry 
in particular are not taught to make engineers out of those who study 
them; the former is taught for the general information it affords in 
one of the great branches of knowledge useful in life; and the latter is 
taught because it gives exercise in deductive thinking where demon- 
stration is independent of external appearances. 

If we can give some kind of prognostic test? in demonstrative 
geometry that will tell us who can profit by such work, or if in some 
way we can select those who will be able to succeed in the study of 
the subject, any pupil whose mentality indicates a probable low degree 
of success should be excused from taking geometry. We must insist, 
however, that the responsibility of saying who can profit by a study 
of geometry and who cannot profit by it must rest on people qualified 
to give the proper advice. This is another reason why a trial course 
in demonstrative geometry in the ninth grade appeals to so many 
teachers when the purpose of teaching it is clearly understood. From 
such a course it should be possible to predict with some measure of 
accuracy whether a pupil ought to go on with the study of demonstra- 
tive geometry in the tenth grade. 


? See Orleans, Joseph Bond Orleans, Jacob S. Geometry Prognosis Tests. World 
Book Company, 1928. 
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Nature of Demonstrative Geometry. As the human mind develops 
it does not demand merely probable facts; it seeks to prove that these 
facts are real. It is this attitude which has led the race to seek to 
demonstrate the truth of its statements concerning geometric figures. 

If in intuitive geometry, for example, the teacher tells the pupil 
that in the triangle ABC the side AC equals the side BC and asks 
him to express an opinion on the relation between the size of angles 
A and B, the pupil will naturally say that these angles are equal. It 
is not probable that any so-called logical proof that his inference is 
correct will noticeably increase his confidence in the validity of his 
judgment upon any proposition of this degree of simplicity. 

When, however, the pupil meets the Pythagorean theorem, his 
intuition leads him to conclude its truth for only very special cases. 
His greater maturity of thought should now tend to lead him to desire 
to prove what is not so plainly evident as the theorem relating to the 
isoceles triangle. When that “urge” toward demonstrations appears, 
he is ready for what is called demonstrative geometry. 

To some minds this “urge” comes early; to others it comes late; 
to a few it comes not at all. Until it comes, however, the pupil can 
profit but little from the study of demonstrative geometry. He must 
accept on faith the simpler facts of geometry. When, if ever, he 
comes to appreciate the value of a demonstration, he will see the 
significance of the systematized scheme or chain of geometry and he 
will then take an interest in proving most of the propositions which 
he once took for granted. 

Purpose in Teaching Demonstrative Geometry. The first important 
question for any teacher of demonstrative geometry to settle is the 
purpose he has in mind. A great deal of our failure to agree on cer- 
tain matters of curriculum construction is due to the fact that we do 
not agree on the valid aims in teaching the various topics. That is 
why senior high school teachers of geometry so often object to the 
teaching of geometry below the tenth grade. The purpose in teaching 
demonstrative geometry is to make clear to the pupil the meaning of 
demonstration, the meaning of mathematical precision, and the pleas- 
ure of discovering absolute truth. If demonstrative geometry is not 
taught in order to enable the pupil to have the satisfaction of proving 
something, to train him in deductive thinking, to give him the power 
to prove his own statements, then it is not worth teaching at all. 

A short course in demonstrative geometry of from six to eight 
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weeks should be given as a unit® or it may be spread out through 
the year as is done in some schools.‘ The time to be given to it will 
depend upon the time that is left in a given situation after the algebra 
and the numerical trigonometry have been completed. 

Fundamental Propositions. For the ninth grade course in demon- 
strative geometry only a few fundamental propositions are needed. 
If we begin with the fundamental congruence theorems and end with 
the Pythagorean theorem, our needs can be met. Even in the tenth 
grade the tendency is to reduce the number of propositions and in- 
crease the number of exercises. The important propositions need 
only a few others as a basis. Several of these in the traditional 
Euclidean sequence we now may accept in the junior high school 
without proof. 

Some teachers will say that such a course cannot be taught in 
from six to eight weeks. The same teachers will say that plane ge- 
ometry cannot be taught in one year. Such an attitude presupposes 
“a definite amount of ground” to be covered which is purely a myth. 
We cannot teach all that is known of geometry in ten years or even 
in a life time. The teacher must remember that for some pupils a 
few propositions will suffice, while for others a greater number will 
be necessary. Our plan is, therefore, to make a careful selection for 
this material in the junior high school and do the best we can with 
it in line with the purpose already expressed. 

The fact is that we have already demonstrated by actual experi- 
ment that in a six weeks’ course pupils can get a very good idea of 
what a demonstration means. When these same pupils later proceed 
to the more formal study of geometry, their work shows the value of 
such a short introductory course. Of course the teacher should be 
guided by the needs of his particular group. 

Fundamental Principles and Definitions. One cannot prove a first 
proposition so to speak, because no other comes before it. So we 
accept some things without proof. We should make clear the things 
we accept without proof here either because they are intuitive or be- 

*See Orleans, Joseph B. “A Unit of Demonstrative Geometry for the Ninth 
Year,’ The Teaching of Geometry; Fifth Year-Book of the National Council 
of Teachers of Mathematics, pp. 44-53, Bureau of Publications, Teachers College, 
Columbia University, 1930. See also Orleans, Joseph B. “‘Demonstrative Geometry 
in the Ninth Year,” The Mathematics Teacher, February, 1933. 


“See Schorling, Raleigh and Reeve, William David, General Mathematics, 
Ginn and Company, 1919. 
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cause they are too difficult at this stage and, then, beyond that to 
teach a few fundamental theorems together with those that form the 
necessary basis for the fundamental ones. 

Bases of Proof. If the pupil has had previous training in intuitive 
geometry he will no doubt be accustomed to accepting some things 
without proof. He will in fact have to be taught the necessity of prov- 
ing certain statements which may seem to him to be true. However, 
the only safe way for the teacher to proceed is to agree upon certain 
bases of proof. These may be classed as definitions, axioms, pos- 
tulates, and certain unproved propositions. Such definitions as are 
made will be somewhat formal inasmuch as they are to be used later 
in proofs. The pupil will be used to the axioms which he met in the 
study of algebra, but he will have to be told that postulates are 
statements relating to geometry and that they are so obvious as to 
be generally accepted without any attempt at proof. The unproved 
propositions like “If two straight lines intersect, the vertical angles 
are equal,” will be chosen according to their need in the sequence 
which the teacher decides to use. 


Axioms 


The following axioms will be essential for the course in demonstra- 
tive geometry: 

1. Addition Axiom. If equals are added to equals, the sums are 
equal, 

2. Subtraction Axiom. If equals are subtracted from equals, the 
differences are equal. 

3. Multiplication Axiom. If equals are multiplied by equals, the 
products are equal. 

4. Division Axiom. Excepting only that the divisor must not be 
zero, if equals are divided by equals, the quotients are equal. 

5. Substitution Axiom. In an equation a number or magnitude may 
be substituted for its equal. 


Postulates 


The first group of 8 of the following postulates’ embody general 
rules of procedure which the pupil will need to use frequently in 
proving statements, and the others (9 to 14 inclusive) state important 


*See Smith, David Eugene, Reeve, William David, and Morse, Edward Long- 
worth, Texts and Tests in Plane Geometry. Ginn and Company, 1933, pp. 40-41. 
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geometric facts which our common sense tells us that we may accept 
as true without proof. 

1. One straight line and only one can be drawn through two given 
points. 

2. A straight-line segment can be extended to any required length. 

3. In a plane, one and only one circle can be constructed with a 
given point as center and a given line segment as radius. 

4. A line segment can be bisected, and in one and only one point. 

5. An angle can be bisected, and by one and only one line. 

6. Through a given point one and only one line can be constructed 
perpendicular to a given line. 

7. Through a given point one and only one line can be constructed 
parallel to a given line. 

8. Any figure can be moved without changing its shape or size. 

9. Two straight lines cannot intersect in more than one point. 

10. All radii of the same circle or of equal circles are equal. 

11. A straight-line segment is the shortest path between two points. 

12. All straight angles are equal. 

13. All right angles are equal. 

14. Angles which have equal complements or equal supplements 
are equal. 

Value of Optical Illusions. It often happens especially with pupils 
that have studied intuitive geometry that some will persist in saying 
that certain things are true because “seeing is believing.” In such 
cases the teacher will find it helpful to introduce a few optical il- 
lusions in order to show that seeing is not always believing. For 
example, as one looks down a railroad track the rails appear to come 
together at a distance. However, in reality they do not. The follow- 
ing exercises will also be helpful: 














(2) (3) (4) 


1. In figure (1), are AB and CD straight lines? Test by using 
your ruler or the folded edge of a piece of paper. 

2. In figure (2), which trapezoid is the larger? Test by tracing 
trapezoid A on thin paper and placing it over trapezoid B. 
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3. In figure (3), which is the longer side of the quadrilateral sug- 
gested by the outline of the figure, the horizontal side or the vertical 
side? Test by measuring. 

4. In figure (4), which line below the black bar is the prolongation 
of AB? Test by laying a ruler along AB. 

5. In how many of the cases in Exercises 1 to 4 were your infer- 
ences based on observation correct? In how many cases were they 
incorrect? 

Approach to Demonstration. It will be best to begin our approach 
to demonstration by developing an introductory unit on parallel lines. 
This is simple, the theorems involved are easily proved, and by means 
of the theorems developed, we are able to prove one of the most 
important theorems of plane geometry, namely, that The sum of the 
interior angles of a triangle is two straight lines. 


Unit 1 
Parallel Line Theorems 


Definition. If in this figure the lines / and /’ have had the same 
amount of rotation from the initial line ¢, they have the same direc- 
tion (i.e., they make equal angles x and x’, 

1 z’ with ¢) and are said to be parallel. Since the 
definition is reversible we may also say that if 

the lines / and /’ are parallel, x = x’. The angles 


‘ Vi fs x and x’ are called corresponding angles and 





t is called a transversal. Thus, the pupil must 

be led to understand that / and /’ are parallel 

only when the corresponding angles are equal, 
and that the corresponding angles are equal only when the lines are 
parallel. 

With this basic definition the pupil can now be led to prove the 
following group of propositions associated with parallel lines cut by 
a transversal. 

1. If two parallel lines are cut by a transversal, the alternate angles 
are equal, and conversely. 

2. If two paralel lines are cut by a transversal, the interior angles 
on the same side of the transversal are supplementary, and conversely. 

3. If two straight lines are perpendicular to any given line, they are 
parallel. 

The teacher should lead the pupil to understand what the idea of 
a converse is and especially to see that the converse of the third 
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proposition above is not necessarily true. Some exercises on converses 
would be helpful at this point.® 

Sum of the Angles of a Triangle. The pupil will now be able to 
prove that 

The sum of the interior angles of any triangle is 180°. 

Since this is one of the most important theorems of plane geometry 
and we wish every pupil to learn what a model proof is like the com- 
plete proof of this theorem is given below. 











Given Proof 
Given the AABC with Zs x, y, and Plan of Proof. To let a line | be 
Zo to AB so as to apply the theorems 
Prove that x + y + z= 180°. about int. and alt. Zs. 
PROOF 
Steps Reasons 
1. Let 7 be a line || to AB through 1. Through C there can be one and 
C, forming Zy’ as shown. only one such line (Post. 7, page 155). 
2.2 + (y' +s) = 180°. 2. Int. Zs of || lines on the same 


side of a transversal are supp. 
3. Alt. Zs of || lines are =. 
4..-x-+y+ z= 180°. 4. Substitution Ax. 


3.7 = ». 


The equation growing out of the proof above is very useful as it 
enables us to find one angle of a triangle when the other two are 
known. Thus, if we know that two angles of a triangle are 45° and 
80°, we see that the third angle must be 55°. This is of great prac- 
tical value to the surveyor, who is thus enabled to find the size of all 
three angles of a triangle by measuring only two directly, or to check 
his work if he measures all three. 

Theorems Easily Proved as Original Exercises. The following 
theorems can easily be proved as original exercises: 

1. The sum of the three exterior angles of a triangle is 360°. 

2. An exterior angle of a triangle is equal to the sum of the two 
nonadjacent interior angles. 


* Ibid, p. 48. 
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3. The sum of the interior angles of a quadrilateral is 360°. 
4. The sum of the exterior angles of a quadrilateral is 360°. 


5. Any two consecutive angles of a parallelogram are supple- 
mentary. 


6. The opposite angles of a parallelogram are equal. 

7. Two of the pairs of the consecutive angles of a trapezoid are 
supplementary. 

Unit 2 
Congruent Triangles 

First Congruence Theorem. The pupil should be taught that two 
figures that have exactly the same shape (similar) and the same size 
(equal in area) are congruent. After establishing the idea of con- 
gruence it is easy to lead the pupil to agree that in this figure where 
b = b’,c = ec’, and ZA = ZA’ triangle ABC is congruent to tri- 
angle A’B’C’. The symbol for “is congruent to” is ~. Thus, we say 
AABC ~ AA’B’C’. 


Cc 


A + B 











In order to help the pupil to appreciate the above fact more clearly 
have him copy on a sheet of paper the AABC shown above. Then 
cut out the triangle, place it on a second sheet of paper, and draw 
the pencil lines along the sides 5 and c, lettering these lines b’ and c’, 
and lettering the points where A, B, and C rest on the paper 4’, B’, 
and C’. Then draw C’B’ or A’. 

In the triangle thus reproduced we have a copy of the original 
triangle which for all practical purposes is congruent to the original 
one. We then state the theorem without formal proof as follows: 

If two sides and the included angle of one triangle are respectively 
equal to two sides and the included angle of another, the triangles are 
congruent. (Stated symbolically S, 7, S = S, Z, S) 

Using One Proposition to Prove Another. Having postulated the 
above congruence theorem, we can show the pupil how to use it in 

















DEMONSTRATIVE GEOMETRY 159 


proving other statements. For example, we can now prove that if the 
two sides forming the right angle of one right triangle are equal 
respectively to the corresponding sides of another right triangle, the 
triangles are congruent. 

In proving the above exercise the pupil must show first that the 
right angles are equal and then show that the first congruence theorem 
is applicable. 

A little more difficult exercise for the pupil to prove would be the 
following: 

If two straight lines bisect each other, and if their extremities are 
joined by straight lines, two congruent triangles are formed. 

Here the first step con- 
sists in seeing that the pgp B 
vertical angles x and x 
are equal. With what was E 
given the pupil can now 
prove the exercise by the 
ae Se S, Z, S theorem. A C 

The above exercise can 
be made still a little more difficult by asking the pupil to prove that 
AD = BC. 

Proceeding in this way the teacher should arrange the exercises 
so that the pupil can proceed from easy to the more difficult exer- 
cises by carefully graded steps where at first one theorem only needs 
to be quoted then two, and so on. 





Helping Lines. Sometimes it is not possible to prove a theorem 
without the aid of a helping (auxiliary) line. The proof of the follow- 
ing theorem will illustrate this point: 


The angles opposite the equal sides of an isosceles triangle are equal. 



















Cc Oy 
x | x’ 
i 
b a } 
1 
! 
! 
H 
—! B 
A c B A M 
Given Proof 


Given the isos. AABC with a = b. Plan of Proof. To divide AABC 
Prove that ZA = ZB. into two A and apply S, Z, S, = S,Z,S. 
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PROOF 
Steps Reasons 

1. Let CM bisect ZC of AABC, 1. ZC can be bisected, and by one 
forming Zs x and x’, as shown. and only one line (Post. 5, page 155). 

2. O= «. 2. Given. 

3.2=2’. 3. CM bisects ZC by Step 1. 

4.CM = CM. 4. It is common to AAMC and 

BMC. 
5. AAMC = ABMC. S.3,2,s=s, 2,8. 
6. .. ZA = ZB. 6. Corr. parts of = A are =. 


Practical Applications. One of the interesting parts of the work so 
far as the pupil is concerned is that pertaining to practical applica- 
tions The teacher should show the pupils how a given theorem may 
be applied in a practical way. For example, he may show the pupil 
how the first congruence theorem may be used in measuring distance 
in a case where it is not possible to measure 
the length of a line directly. In this figure 
the distance AB across a lake is desired. 
To find this distance we may place a stake 
at a convenient point such as P, and then 
by sighting from A we may locate a point 
A’ on AP produced such that PA’ = AP. 
Similarly, we may locate a point B’ such 
that PB’ = BP, and the length of AB is then found by measuring 
A’B’. 

The teacher should then ask the pupil to prove that this work is 
correct. 





Unir 3 
Polygons 


Inductive Method. The pupil is often able to discover important 
mathematical relations by studying a number of special cases which 
exemplify laws, principles or facts which will be useful in his later 
work. This method of discovery is inductive and consists in studying 
certain special cases and thus discover a general law, definition, or 
principle which is true for all cases of which the chosen cases are 
special ones. 

Suppose the pupil is set the task of discovering the sum of the 
interior angles of any polygon (an n-gon). In order to solve this 
problem inductively the pupil is led to study several different poly- 
gons beginning with the triangle and thus see if the common fact con- 
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cerning the sum of the interior angles in each case can be discovered. 
He is then led to tabulate the results as shown below: 











| . | . | 
| Number Number | Sum of the Sum ws the 
Type of : ss 
Pol of | of | Interior ZS | Interior ZS 
olygon Sides | Triangles | of each A of the Polygon 
| ——_—____—— 
Triangle ....... 1 is. Zz | (3-2) St. 2S 
Quadrilateral 4 2 : oz | 4-2) %. 25 
Pentagon ...... 5 3 1 St. Z | (S-2) St. ZS 





By preparing such a table and then examining it carefully the 
pupil will discover that the sum of the interior angles of any polygon 
is (n-2) straight angles (where n is the number of sides). 

The theorem can then be proved by means of this figure where the 
sum of all the angles at P is subtracted from the 
total angle sum of all the triangles in the figure 
formed by the dotted lines, and the sides of the 
original polygon. 

Parallelogram Theorems. The following theorems 
relating to parallelograms may now be given to the 
pupils as original exercises: 

1. A diagonal divides a parallelogram into two congruent triangles. 

2. The opposite sides of a parallelogram are equal. 

3. Segments of parallel lines cut off by two other parallel lines are 
equal. 

4. If one of the angles of a parallelogram is a right angle, all the 
angles are right angles. 

5. The diagonals of a parallelogram bisect each other 

Converse Theorems. The pupil will also be able to prove as original 
exercises the following: 

A quadrilateral is a parallelogram if 
The opposite sides are equal. 

The opposite angles are equal. 

One pair of sides are both equal and parallel. 
The diagonals Pisect each other. 

. The consecutive angles are supplementary. 

Pythagorean Theorem. If we now prove the theorems on similarity 
or if we assume that the sides of similar triangles are in proportion we 
can now easily prove the well-known theorem of Pythagoras as fol- 
lows: 


WAWNM: 
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1. In this figure AABC is right angled at C and CDLAB. 

The pupil should first see that 
AABC and ACD are similar, that 
“= and that consequently 
b m 
b? = cm. 

2. Secondly, the pupil should see 
that 4 ABC and BCD are similar, that 


c a 
— = — and that consequently a? = cn. 
a n 


3. The pupil should now be able to show by adding the correspond- 
ing members of the two resulting equations in (1) and (2) above that 
a2? + b> =cn+cm=c(n+m) =c? 

That is, Jn a right triangle the square of the hypotenuse is equal to 
the sum of the squares of the two sides. 

Basic Propositions. We have now given enough work to form the 
nucleus of a good course in demonstrative geometry for the junior 
high school. The basic propositions previously mentioned are: 

1. The propositions growing out of the situation where two parallel 
lines are cut by a transversal. 

2. The three fundamental congruence theorms. 

3. The theorem concerning the sum of the interior angles of a tri- 
angle and other theorems depending upon it. 

4. Parallelogram theorems. 

5. The three theorems relating to similar triangles. 

6. The Pythagorean theorem. 

Of these propositions numbers 2 and 5 should probably best be 
assumed in order to give the time to proving those under 1, 3, 4, and 
6 and to original exercises. 

It is not claimed that the sequence followed above is the best nor 
that it is necessary for others who desire such a scheme to adopt our 
arrangement. However, the suggestions offered do have the advantage 
of having grown out of an actual experiment in the classroom covering 
a period of six weeks and of having had the approval of a large number 
of experienced teachers who observed the teaching of the material. I 
would emphasize the importance of saving eight weeks for the proper 
treatment of the material in most schools. 




















An Attempt to Apply the Principles of 
Progressive Education to the 
Teaching of Geometry 





By Leroy H. SCHNELL 
Roosevelt School, Michigan State Normal College 
Ypsilanti, Michigan 


For SOME TIME teachers of mathematics have been verbalizing the 
ideals and principles of progressive education and at the same time 
have proceeded to conduct their teaching along conventional lines. 
No one familiar with the common practices of the classroom will deny 
the statement that instruction in mathematics has been largely con- 
cerned with subject matter acquisition, and the “mastery” of skills 
unconnected with their value and meaning in life situations. Never- 
theless there are indications of a mild revolt against outworn methods 
in the teaching of mathematics. Furthermore there is increasing dis- 
satisfaction with a curriculum unadjusted to the needs and abilities of 
the individual child. There is a growing conviction, that will sooner 
or later be translated into widespread action, that the mass instruction 
technique, with all it implies, is inimical to the best interests of the 
child. 

Although wide acceptance of these progressive principles makes it 
unnecessary to discuss them here, a summary is pertinent. The aim 
of education is to provide the child with those instruments which 
will enable him to approach his present and future problems of life 
with a fair assurance of success in solving them. Solving life’s prob- 
lems is a process of adjusting oneself to society, or it may be attempt- 
ing to adjust society to one’s own ideas. Neither type of adjustment 
is ever fully realized. In the latter group are two types of individual, 
namely, those through whose creative efforts changes are brought 
about for the amelioration of society and those who have not learned 
how to adjust wisely to their environment and who stubbornly at- 
tempt to mold society to their whims. In any event, a wise adjustment 
is a thinking and conscious process, the success of which most cer- 
tainly does not depend entirely upon the amount of knowledge ac- 
quired nor upon the number of mechanical skills which an individual 
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is capable of demonstrating. The foregoing statements imply that it 
is not so much what children learn nor how much they learn that is 
important, but rather ow they learn and what effect this learning has 
upon them as thinking individuals. 

Progressive idealism in education denies the educative value of 
mere skill acquisition and insists that the child be conceived of as 
the central figure; that subject matter be used only as an opportunity 
to provide worthwhile experiences for him so that he may achieve 
the growth in power necessary to adjust wisely to his society; that our 
academic efforts will produce boys and girls who can think and act 
independently, boys and girls who will be unafraid to challenge any 
idea but at the same time maintain an open mind and a respect for 
established fact, and further that they will be capable of self-direction, 
self-control, self-application and self-appraisal. In all fairness, it must 
be stated that conclusive objective data is yet to be established which 
demonstrates the fact that under this new plan children will acquire, 
as incidental, those skills and that information which are necessary 
to happy living. 

Geometry has been continued in the secondary school curriculum 
largely because its proponents claim that it will produce rigorous, 
logical and independent thinkers. Yet to produce independent think- 
ers, students are provided with texts in which every problem is formu- 
lated and in which patterns of proof are provided, thereby robbing 
the student of the valuable activity of self-discovery which is an ele- 
ment of intellectual growth and power! Conventional practice strongly 
suggests, if not encourages, memorization of subject matter. Therefore 
teachers employ many devices to discourage memory work, as such, 
and to test the ability of the student to think “independently” in a 
new situation. Figures are drawn in many different positions and 
shapes and are also lettered differently from those in the texts, but 
the only worthwhile educative activity which results from the use 
of these devices is one of association. The student follows his memo- 
rized pattern but has his problem complicated by the necessity of going 
through mental gymnastics in order to apply the pattern to an identi- 
cal case in which the puzzle element has been added for good measure. 

Another traditional argument advanced is that original exercises 
provide an opportunity for the independent thinking which is denied 
in the development of formal proofs. The value of originals cannot 
be denied, but it is far-fetched to contend that they demand original 
or even independent thinking. Most theorems are directly followed 
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by exercises which apply the principle just mastered. The student 
approaches a puzzle situation and solves it when he discovers the 
preceding theorem hiding behind a weak camouflage. This activity 
distinctly is neither original nor independent thinking, and only in 
a limited sense is it anything more than mental maneuvering. By in- 
sistence on these conventional procedures, in which the initial think- 
ing is already done, geometry teachers are losing a rare opportunity 
to stimulate growth and power in the child. 

It is suggested that the foregoing conditions might be materially 
improved if all teaching were influenced by a due regard for the 
guiding principles submitted herewith. These principles are pertinent 
to this discussion because they are readily adapted to the teaching 
of plane geometry. 

1. To develop a technique which will enable a student to discover 
and formulate his own problems; and 

2. To develop a technique that will enable an individual to ap- 
proach his self-discovered problems with a fair assurance of success 
in solving them. 

When, if ever, these two principles are accepted and applied, the 
traditional text and traditional procedures will be things of the past. 
When these aims are pursued to their fulfillment, other important, 
but secondary, aims will be realized, such as: 

1. To develop powers of rigorous, logical, and independent 
thinking. 

2. To aid pupils to gain an appreciation of a logically complete 
proof and a logical system of geometry and to assist them to dis- 
tinguish a good argument from a poor one. 

3. To emphasize the meaning, and value in a logical system, of as- 
sumptions. (High school students are capable of appreciating the 
somewhat dangerous idea of what would result if our axioms and 
postulates were ever disproved. It is important that they should 
understand that a system of geometry is based upon “obvious” state- 
ments and that all argumentation begins with such an assumption.) 

4. To encourage a challenging attitude toward every idea but at 
the same time to maintain a respect for established fact. 

5. To encourage suspended judgments until all facts are known 
and then to maintain an open mind. 

6. To encourage open-mindedness when approaching any new 
situation. 

7. To aid in the development of powers of observation. 
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8. To aid in the development of powers of associative thinking. 

It would be platitudinous to dwell upon the social implications in 
these objectives, but it is pleasant to imagine a society made up of 
individuals whose learning experiences had provided them with the 
power to discover, formulate and solve their own problems. 

It may seem that the arguments substantiating these aims assume 
that there will be a positive transfer of training to life situations as 
a result of the learning experiences which epitomize them. Rather 
than supporting such an assumption, these arguments suggest an 
indictment against the practice of keeping subject matter in separate, 
functionally unassociated and airtight compartments, with each sub- 
ject matter field presenting its own objectives as distinctly different 
from each of the others. As already suggested, the two guiding prin- 
ciples which were presented above should provide the motivation for 
all academic experience and activity, making it necessary to adjust 
the teaching of all subject matter to these aims. Thus, if all school 
experiences followed the same general pattern in which proficiency 
in the common techniques is sought, some positive transfer would 
result because children would be trained in identical elements of 
procedure. 


During the past two years we have been conducting an experiment 
with individualized instruction in both algebra and geometry at the 
Roosevelt School. This has been an experiment with method, and has 
not been controlled in the scientific sense. We do not feel that we 
have achieved the ideal method, but we do believe that the results 
of our instruction are superior to those of the past, at least in terms 
of individual growth and more specifically in terms of the objectives 
previously set forth in this discussion. At the outset it was realized 
that if we were to achieve desirable outcomes it would be necessary to 
depart from conventional procedures. The students were permitted to 
use textbooks only on special occasions and for an entire year we 
dispensed with the use of texts entirely. The exact classroom procedure 
followed will be given later in a sample unit. It is based on the follow- 
ing analysis, which is virtually an outline of scientific thinking. It is 
wise, however, to review it in order that the specific procedure will 
be more intelligible. 

In discovering and establishing any fact the mind functions in 
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a well-defined order. (We may ignore those rare instances of acci- 
dental discovery.) Every discovery finds its stimulus in the realm 
of everyday experience. We are constantly surrounded by many evi- 
dences of (as yet), undiscovered facts. Finally some curious individual 
observes certain tendencies in an activity or situation. An observer is 
necessary, for it is he who permits one of four questions to be raised 
in his mind. “I wonder if that is always true?” “I wonder under 
what conditions that is true?” “I wonder why this happens as it ap- 
parently does; what Jaw governs the activity?” “I wonder what would 
be the results under certain other given conditions?” Obviously the 
next logical step is some form of experimentation; that is, the col- 
lection of all available data so that finally the observer can arrive at a 
preliminary conclusion which is a partial answer to his original ques- 
tion. Even though the investigator may “feel in his bones” that his 
preliminary conclusion is true, he will refuse to accept it as final, if 
he is intellectually honest, and will test his conclusion by further 
experimentation which will cover every conceivably different situation 
in which the new principle is involved. If this additional experimenta- 
tion bears out his first conclusion, he may accept the results, but even 
then, tentatively, realizing that some overlooked data, or the in- 
validation of some of his assumptions may nullify all of his results. 
At the point where the observer accepts his “tentatively final” con- 
clusion he has arrived at a scientific judgment. When he can establish 
the necessity and universality of the fact, he extends science and ar- 
rives at a mathematical judgment. 

It is important to notice that throughout the foregoing activities 
the observer is the one who is mentally active and that upon the 
accuracy of his thinking will depend the final results of all his efforts. 
Therefore if classroom procedure can be patterned after this analysis 
it will become necessary for each student to think and act inde- 
pendently. The ability to think and act independently, however, does 
not arrive obscurely but must be developed cautiously and slowly. 
Thus in this experiment there are eight preliminary steps calculated 
to prepare the individual student so that he will be able, eventually, 
to proceed with independence. Due to the necessity of breaking down 
habits formed by past conditioning these steps require a number of 
weeks. It is regrettable, but essential, at the present stage of the 
experiment, that the teacher assume much of the responsibility dur- 
ing these early stages. There is no doubt, however, that individualized 
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materials can be prepared to cover these preliminary steps and hence 
remove the teacher from his conspicuous position. 

The eight preliminary steps follow. 

1. Constructions. The year’s work begins with a series of work 
sheets. The students are given directions for the more important 
and useful constructions. Thus the course begins with student ac- 
tivity rather than abstruse and boresome discussions of old and new 
concepts. Nor is the student required to learn axiomatic statements 
before he feels a real need for them. There are two apparent results 
of this activity. 

a. The student has practice in the valuable activity of following 
concisely stated directions and is impressed with the necessity of 
reading accurately. 

b. He is given an opportunity to become intimate with the physical 
tools necessary to the subject. 

2. Definitions. As a result of the preceding activity the students 
recognize the necessity of speaking a common language. Hence class 
discussions lead to the definition of new expressions used on the 
work sheets. At times this activity becomes part of the first unit. 
Thus definitions are meaningful because they grow out of neces- 
sity in a practical situation. Incidental with these first two units it 
is often possible to stimulate discussions which impress on the stu- 
dents the concept of proof in contrast to individual opinion; and 
it is also possible to discuss and define some of the more abstruse, 
but fundamental, concepts of geometry. 

3. Axioms and Postulates. Since axioms and postulates are state- 
ments of the obvious there is little, if any, mental challenge to a 
student when he is asked to memorize a list of such statements, even 
if each is illustrated. This practice results in the student passively 
accepting these statements and becoming bored with the idea of 
wasting his time in “mastering” such absurdly simple “facts.” To 
defeat the possible results of this stagnation, the student is given a 
list of hypotheses and asked to experiment and arrive at his own con- 
clusions. His axioms and postulates thus become the result of his 
own activity and are therefore less absurdly simple. In those cases 
where a new axiom or postulate involves previously accepted state- 
ments the student is called upon to show why he should accept the 
new axiom or postulate, other than upon the basis of experimentation 
or because it seems obvious. In this last type of activity the child 
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has his first introduction to the idea that proof means a defense on 
the basis of previously accepted or proved ‘“‘fact.” 

4. Congruence Theorems. There are two reasons why a geometry 
student should not be required to prove, formally, the angle, side, 
angle and the side, angle, side theorems. First, superimposition proofs 
defy real understanding. Second, these proofs are so abstruse that 
students are only confused as to the meaning of logic when they are 
required to prove them. After informal experimentation, therefore, 
the student is asked to accept these two theorems as true. He is 
told that if it were worth the time, he could prove both theorems but, 
that since there is much more important and interesting work to 
come, he is urged to include these theorems with his postulates. 

5. Corresponding Parts of Congruent Triangles are Equal. Too 
often geometry students glibly offer the accompanying statement in 
proving a theorem without any real idea of what corresponding parts 
are and why they are equal. Although every geometry teacher em- 
phasizes the meaning of this statement, unquestionably it loses its 
meaning through intimate and careless use. Therefore an entire unit 
is given over to practice in finding corresponding parts of geometric 
figures so that the student is sure that he knows why certain magni- 
tudes are corresponding parts, and also so that he will know when 
he can correctly use this statement as a logical defense. 

6. Analysis. In none of their previous academic experiences have 
students been called upon to read and to analyze with such pre- 
cision as is required in geometry. Furthermore, growth in independent 
thinking is largely dependent upon the individual’s ability to analyze 
new situations. The student must analyze in order to get a correct 
and complete picture of his problem. He must analyze in order to 
determine what question his problem raises. He must analyze in 
order to eliminate false cues and finally to determine a wise course 
of action to the end that he will arrive at a logical conclusion. Too 
often we err in assuming that this activity of analysis is natural or 
that the ability to analyze can be developed incidentally. New geom- 
etry students need much practice in breaking a “problem state- 
ment” into its two parts, namely, the hypothesis and conclusion. 
They need much practice in visualizing the hypothesis of a geometric 
statement and in translating this visual image into a drawing. There 
is a positive relation between an individual’s ability to analyze prob- 
lems and his ability to solve them. 
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7. First Proofs. Previous to this unit the students have not formally 
proved a theorem and, at best, from their discussions in class, they 
have only a hazy notion of what constitutes a proof. Few members 
of the class, if any, have at this time any idea of how to begin a 
proof. By this time they are, however, aware of the difference be- 
tween a proof and personal opinion, even when that opinion is based 
upon considerable experimentation. Each student is given a brief 
list of theorems and asked to develop what he considers to be a 
satisfactory proof for each. He is told that in a good proof each state- 
ment is supported by a reason to be found among the axioms, postu- 
lates or definitions which were previously accepted or by a previous 
proposition, all of which constitute the bases of proof. When these 
“proofs” are ready, the class is divided into conference groups and 
each student has his proofs appraised by the other members of the 
group. Then in class discussions, presided over by the teacher, these 
“first attempts” are criticized and a proof, acceptable to all, is de- 
veloped. Thus, from a slow start, in which the student learns by doing, 
he develops the technique and form of a logical proof. From this 
activity the student also becomes conscious of the meaning of a 
“system of geometry,” and recognizes that there is an increasing 
dependence of the proof of each theorem upon the theorems which 
precede it. 

8. Discovering Conclusions and Establishing Proofs. To bridge 
the gap between the foregoing informal activities and the formal 
work which follows, each student is given a list of hypotheses and 
asked to determine valid conclusions and then to prove each theorem. 
The same activity of appraisal, as in unit 7, is again gone through. 

By this time the student is ready to proceed independently. Be- 
low are parts of the first formal unit which succeeds these eight pre- 
liminary units. Even though this unit is admittedly far from the ideal, 
it will give an idea of how the student is stimulated and of the ac- 
tivity for which he is to become responsible. 


UNIT IX 
PLANE GEOMETRY 


SUBJECT: LINES CUT BY A TRANSVERSAL 

Units which succeed this will not have as lengthy an introduction as the one in 

this unit. Since, however, this is the first unit in which you are to assume entire 

responsibility it is desirable to be very explicit. Therefore you are urged to read 

and understand thoroughly every detail in this introductory unit; otherwise you 

may spend unnecessary time and effort and also fail to learn how to proceed in 
your future work. 
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Thus far in this geometry course, you have developed considerable skill in 
analyzing problems and building proofs. You cannot help but realize, however, 
that most of the initial thinking has been done for you and that you have not been 
called upon to extend your individual powers very much. Problems—that is, 
theorems—have been suggested by your instructor and have not been your own by 
virtue of discovery. There is no great thrill in imitating someone else but when we 
can act independently in discovering and formulating our own problems we find a 
real purpose and interest in our work. Your instructor has no intention of robbing 
you of any enjoyment you may be able to find in this independent activity. 

Since geometry is still new to you, it is only fair to state, as specifically as 
possible, what growth, as a thinking individual, you are entitled to expect from 
geometry. It would be untrue to contend that mathematics is not important in 
everyday affairs. In fact, our society would revert to the primitive if it were not 
for mathematics. Buying and selling would be impossible if we could not count; 
machinery could not be built or kept running if engineers did not know many 
mathematical facts of relationship; buildings could not be erected if we could not 
measure distance and weight; radio would be unheard of without a knowledge of 
mathematics. In spite of this however (and this might seem to be a contradiction 
at present) no one is trying to make a mathematician of you. It is certain that 
you will learn some mathematics in this course but you will live happily now and 
later even if you do not become expert. The real purposes in this course are: 

1. To provide opportunities to enable you to become capable of seeing and 
formulating problems; and 

2. To give any assistance you may need in learning how to solve the problems 
which you will discover. 

These abilities go beyond mathematics. Imagine a society made up of people 
who could see problems clearly and who could logically arrive at solutions to their 
problems. Do you believe that such a society would be swayed by many of the 
present day political speakers? Do you believe that such people would spend 
millions of dollars annually for “quack” patent medicines? Would the nations of 
the world ever be at war or would they see straight enough to discover the real 
issues and problems and solve them peaceably? Could capital and labor solve 
their problems in such a society? If you believe that you are living in a world 
where progress is still possible, when men and women see, think, and act intelli- 
gently, then you will recognize, in geometry, your opportunity to develop some of 
these powers, to a fair degree at least. The world always has a place for men and 
women with creative talent. Don’t forget for a moment that the best book is yet 
to be written; the most beautiful song is yet to be sung; the greatest discovery in 
science is yet to be made; the most profound political thought is yet to be 
achieved; the greatest thinker is yet to come. As a thinking individual there is 
still something worthwhile for you to do through your creative efforts and your 
courage to see, think and act independently. 

You now have considerable knowledge and understanding of axioms, postu- 
lates and definitions as well as an appreciation of what constitutes a good proof. 
After a few suggestions you will be placed upon your own responsibility. The 
method by which you will proceed is new to you but do not become discouraged 
if you feel lost at first. You cannot fail to accomplish something worthwhile, but 
it will take some time to develop a great deal of individual power. 
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INFORMATION NECESSARY FOR THE WORKING OF THIS UNIT 


I. A line which cuts (intersects) two or more lines is called a “transversal.” 


~ 1 








In the above figure AB is a transversal; it cuts transversely across the three 
lines 1, I’ and 1”. 


II. In the following figure two straight lines | and I’ are cut by a transversal, 
(GR.) 








1. Zaand Zc are corresponding angles. They are in corresponding positions. 
Za is above the line / and to the left of the transversal; Zc is above the 
line ’ and to the left of the transversal, hence they are in corresponding 
positions. 

Zb and Zd are also corresponding angles. Why? There are two more sets 
of corresponding angles. Name them. 

¥ 2. Zb and Ze are alternate interior angles. They lie on alternate sides of the 

4 transversal and between the two lines; that is, their position, with respect 

to the two lines, is interior. 

4 Name another pair of alternate interior angles. 

: 3. Zb and Zc are interior angles on the same side of the transversal. Why are 
they so named with respect to each other? 

i Name another set of interior angles on the same side of the transversal. 

Problem: If you made the transversal cut these lines so that Zb was 

b equal to Zc do you believe the two lines would be parallel? If not, do 

you believe that there is a relationship between these angles, when the 

transversal comes from any direction, which will make the two lines 

a parallel ? 

4. Zh and Zg are exterior angles on the same side of the transversal. Why 
~ are they well named with respect to each other? 

i Name another such pair of angles. 


yi 4 
si 
3 
2a 
FI ¥ 

BS 











PROGRESSIVE PRINCIPLES IN GEOMETRY 173 


AN OBSERVATION 





U H 

Obviously lines MN and GH are not parallel. 

Is Zs equal to Zq? 

Imagine line GH swinging about (rotating) so that eventually it is parallel to 
MN. While this line rotates to a parallel position what happens to Zs? 

When the lines are parallel what relationship do you think exists between 
Zq and Zs? 

If two lines are cut by a transversal so that one pair of angles are unequal, 
what do you think you can say about the two lines? This is your opportunity 
to formulate a problem based upon the foregoing observations. Be prepared to 
state it during a class period and also be ready to show that your statement is a 
problem and not merely a question. 





Problem for the Unit: Discover all the conditions, or relationships, existing 
between the various angles formed by a transversal which cuts two lines so that 
the lines will be made parallel. 


Your statements of these discoveries will probably take the following form: 


“When two lines are cut by a transversal so that .... 


Caen Ve ee aeRO ae Rie RoE Daa EME DL ens , the lines will be parallel.” 


PROCEDURE 


Unless some variation to the following procedure is suggested in class, follow 
the steps given here, in this and in succeeding units. 

1. On the basis of (a) “Problem for the unit,” (b) “Information necessary for 
the working of this unit” and (c) “An observation,” experiment until you dis- 
cover facts and relationships which apparently exist. Save all your work for 
your notebook. 

2. State, in writing, these facts or relationships and experiment further until 
you are convinced that your ideas are or are not true. 

3. Formulate your ideas in as concise English as possible. Be sure that each 
statement contains an hypothesis and conclusion; that there is a question raised 
which must be answered by proof. Be sure that no problem is only a new way 
of stating a definition. 

4. Take a list of your theorems to your instructor and discuss them with him. 
He will ask to keep a copy so be sure to have them in duplicate. 

5. Choose one theorem from this group, which you believe to be the logical one 
to start with and try to prove it. If you have difficulty in proving the first one 
chosen, try another. After you have tried them all, if you can get nowhere, it 
may be that you have not discovered all the important facts in this unit. There- 
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fore, check through your experimental material and see if you can discover addi- 
tional facts or relationships. 

6. If your difficulties still persist, do not waste your time needlessly but go to 
your instructor for suggestions. You are urged not to consult classmates at this 
time for they, unintentionally, may start you on the wrong track or they may 
tell you too much, robbing you of an opportunity to develop your individual 
powers of thinking. 

7. When you have completed proofs for all of your theorems, bind your work 
in booklet form. 

8. Have your instructor assign you to a conference group so that you may have 
your theorems and proofs appraised by other members of your class. In this 
group you will also have an opportunity to appraise the work of the other 
members of your group. 

Appraise each theorem separately. If all of you did not start with the same 
theorem, decide which system is the best. 

9. After you have received the criticism of your conference group, prepare 
a self-appraisal of your work. Suggest the weaknesses of your work and how to 
improve it. 

10. Prepare an appraisal sheet. Put your own appraisal first. Then have each 
member of your conference group add his signed appraisal of your work. 

An appraisal is not a mark but rather criticisms, pro and con, of the work. 

11. Hand your booklet to your instructor, with the appraisal sheet. 

12. You will be given a list of theorems, arranged in proper order, which is 
the summary of all theorems discovered by your class. In cases where it is 
desirable, your instructor may insert theorems which were not discovered by your 
classmates. Start with the first theorem and go straight through, proving each in 
turn. 

13. Bind this work neatly as your “Final Proofs” booklet for the unit. 

14. Then, again, go through steps 8, 9, 10, and 11, in this list. 

15. You will then be given references to a number of original exercises. Do 
what each exercise requires and have your work ready to hand in, on call. 

16. When you have completed this work, both booklets, which you handed 
in, will be returned with your instructor’s appraisal. See if you think all of his 
criticisms are valid and feel free to challenge him on any point. If any theorem 
in the “Final Proofs” is designated as “not proved” or “poorly done,” prove it 
again and take the corrected proof to your instructor. 

17. You will then be given your textbook. Compare your proofs with those in 
the text and write a “final” appraisal of your work on the entire unit. Hand this 
to your instructor. He may call for both of your booklets to file away. If he does 
not, preserve them in your permanent book which will be handed in at the end 
of the year. 

During the preceding activities there will be conferences, class and group dis- 
cussions as the need arises. 

Your suggestions as to how to make this unit more understandable and effec- 
tive are welcome. 


You should understand that students in these plane geometry 
classes do not cover the amount of subject matter that is traditionally 
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expected. Some of last year’s plane geometry students elected solid 
geometry this year. You may be sure that there were many mis- 
givings as to how effectively they would adjust to solid geometry with- 
out some of the specific items of plane geometry which are necessary. 
The boys and girls themselves soon discovered this subject matter 
deficiency. With their instructor, they analyzed their problems in 
solid geometry and on the basis of this analysis, and additional ex- 
perimentation, independently formulated the theorems in plane geom- 
etry which they needed to use and then proceeded to write their 
own textbooks covering the proofs of these theorems. A really sig- 
nificant point lies in the fact that these students were capable of 
independently developing sound proofs for some of the most diffi- 
cult theorems. Thus, these students who did not acquire all the in- 
formation which they eventually needed, did acquire something far 
more valuable through their learning experiences in plane geometry; 
namely, a power that enabled them to adjust to a new situation when 
the occasion arose. Stated in another way, it means that these stu- 
dents were deficient in certain formal requirements, but with atten- 
tion in plane geometry centered upon /iow they learned, they had 
developed a technique which they could apply when they had a 
desire to do so. 

It would be unwise to draw too many conclusions as to the effec- 
tiveness of this plan until this experiment is conducted in a controlled 
situation. Therefore, at present all that can be done by way of ap- 
praisal is to consider this plan with respect to the principles upon 
which it is based. 

The validity of the conclusions in any argument is dependent upon 
two elements: first, upon the validity of the assumptions (premises) ; 
and second, upon the integrity of the logic. This plan for the teach- 
ing of geometry is based upon the assumption that the principles 
of progressive education enunciated by the Progressive Education So- 
ciety are sound in educational theory and philosophy. Also, that 
through the mass-instruction techniques these principles cannot find 
fulfillment. These assumptions appear to be obvious and reasonable 
and will probably not be challenged by many. Furthermore, in no 
significant instance does the plan proposed violate the principles upon 
which it is based; therefore any attack which is made must be cen- 
tered upon the educational philosophy behind the plan. 












One Unknown or Two? 





By NATHAN LAZAR 
Alexander Hamilton High School, Brooklyn, New York 


No Topic in elementary algebra is as uniformly relegated to the 
second term’s work as that of simultaneous equations. An examina- 
tion of 28 textbooks in algebra tends to corroborate the above state- 
ment. Although the average number of pages is about 300, that topic 
appears on pages 225-275.* Assuming that teachers as a rule fol- 
low the order of the textbook used, we may safely infer that it is 
taken up towards the middle of the second term. Incidentally, the 
belief that the order of topics in a textbook is inviolate is an idea 
that it would be well to combat. There is more than one correct 
sequence, and even if we are bound for reasons of economy to the 
continued use of a certain textbook, we should not be wedded to its 
order for life. 

The reasons for the late introduction of equations involving two 
unknowns seem at first glance convincing. They run something as 
follows: 

1. There is no use teaching the solution of two equations and 
two unknowns before the pupils have mastered one equation with one 
unknown, which is after all the basic method. 

2. There are preparatory topics that should be taught first, such 
as parentheses, the four operations, fractional equations, factoring, 
and so forth. 

As a result, teachers of mathematics struggle through an entire 
term in an attempt to help the student translate into one equation 
with one unknown problems that inherently involve two unknowns 
and two equations. I use the word “struggle” advisedly. For the 
teaching of pedagogic crutches like “boxes” is an admission that 
we are forcing the algebraic thinking of our students into artificial 
moulds. With each kind of problem (age, investment, coin, ratio, dis- 
tance, etc.) a different type of box is devised, or, at best, different 

* Two exceptions must be noted. J. H. S. Algebra III, by Hamilton, Bliss, and 
Kupfer, begins the topic on page 139, thus placing it toward the end of the first 
term. Nyberg introduces the topic on page 152. Both introduce it, however, after 


most types of problems have been taught that could be solved much more easily 
by 2 unknowns. 
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sets of inscriptions are taught. The pupils are drilled in filling in 
the boxes, the contents of which they rarely understand but in the 
efficacy of which they have faith. ‘Magic boxes’ one whimsical boy 
dubbed them, and magical they are. For they bring the correct 
answer without the operator’s knowing why. As a result, the solu- 
tion of verbal problems becomes a game, the object of which is to 
guess which magic box is to be pulled out and which cubby holes 
are to be left vacant. Thus the essential nature of algebra as a science 
of reasoning about numerical matters with the aid of symbols, is 
totally lost sight of. It seems to me that something is wrong, when a 
structure, so elaborate, cumbrous and artificial, has to be reared, 
in order to assist in the solution of simple problems. It is especially 
regrettable since there is the other method, that of two unknowns, 
which is much easier, more elegant, and far more natural. This 
method, ironically enough, is introduced willy-nilly later in the course, 
and considerable time is taken in giving the pupil a mastery of it. 
To be specific, let us take a typical age problem. 


Allen’s teacher is 5 years younger than 3 times the age of Allen. 
Seven years ago, the teacher was twice as old as Allen will be next 
year. How old is each at present? 


Without the use of boxes the problem will probably be worked out 
as follows: 

Let x = the number of years in Allen’s age. 

Then 3x — 5 = the number of years in the teacher's present age. 

x + 1 = the number of years in Allen’s age one year hence. 

3x — 5 — 7 = the number of years in teacher’s age seven years ago. 

The equation will then be 3x — 5 —7 = 2(x+ 1). 


With the use of boxes the problem becomes easier: 








Past Present Future 
Teacher 3x — 5 —7 3x — 5 
Allen x x+1 








The equation is, of course, the same as above. 

Both methods are bewildering to the student, because he does 
not know which facts are to be used for the constituents of the equa- 
tion and which ones for the setting up of the equation proper. In other 
words he does not know which facts are to be expressed in terms of 
the vocabulary of algebra, and which ones in terms of its grammar. 
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The second method, although it guides the student into the cor- 
rect analysis, does it so well that he is led to fill the other boxes 
also, with the result that he does not know how to extricate him- 
self. The method of two unknowns, however, obviates all of the above 
difficulties, for the vocabulary of algebra consists of the initials of 
the names of the people (unknowns) dealt with and the grammar 
of the equation follows almost verbatim that of the language of the 
problem. There are two sentences using the words “is” and ‘“was”’ 
and corresponding to those, there are two algebraic sentences. Let 
us see how it would work: 

Allen’s teacher (t) is (=) 5 years less than three times as old as Allen. 
(3a — 5), that is, t = 3a — 5 


But seven years ago the teacher (t— 7) was (=) twice (2) as old as Allen 
will be next year (a +1), that is, t— 7 = 2(a+1) 


The writer is not so naive as to believe that the earlier introduc- 
tion of two unknowns will do away with the need of drilling on such 
fundamental expressions as 5 less than 3 times as old, etc. Nor 
does he believe that it will eliminate forever the error of represent- 
ing that expression as 5 — 3a. But that sort of drill is indispensable 
no matter what method is used in solving the problem, for it is the 
very essence of the language of algebra. But the general attempt on 
the part of teachers to force problems such as the above into the 
mould of one unknown can and should be abandoned. 

Coin problems, too, I believe, lend themselves to a much more 
natural treatment by two unknowns than by one unknown. Let us 
analyze a typical problem: 


A purse contains 18 coins consisting of nickles and dimes. If the 
value of the coins is $2.40, how many coins of each kind are there? 


The solution by means of one unknown, with or without boxes, 
is too well known to require repetition here. Here, too, the main 
difficulty for the pupil is how to transform two sentences involving 
two unknowns into one algebraic expression and one unknown. Using 
two unknowns and initial letters as above, the equations become: 


n+d=18 
5n + 10d = 240 


My dull pupils, even those who are lost in the maze of boxes, learn 
after a little practice to translate the words of a problem into their 

















ONE UNKNOWN OR TWO? 179 


symbolic equivalents almost as rapidly as it is dictated to them, or 
as they can read it themselves. Again no claims are made for the 
superiority of this method except in so far as it simplifies the all- 
important matter of setting up the equations and automatically 
eliminates to a large extent the errors resulting from the interchange 
of terms in an expression connected by a minus sign, the need of 
removal of parentheses, etc. Problems dealing with tickets, mixtures, 
distance, lend themselves readily and naturally to solution by two 
unknowns. A little reflection on this subject or, better still, a few 
minutes with pencil and paper will, I hope, convince the reader of 
this superiority. 

This method is especially helpful in the solution of investment 
problems. A completely worked out problem will facilitate the analy- 
sis. 

Mr. Field invested $3600, some in bonds that paid 6% and the 
rest in stocks that paid 412%. His annual income from both was 
$207. How much money was invested at each rate? 


The solution of the above is of course well known. 


Using one unknown, the equation is, 


Od 6 
— + —(3600—d) =207 
200 100 
Using two unknowns, and appropriate initials, the equations are: 
f + s = 3600 
Of 6s 
— + —=207 
200 100 


The difficulties encountered by the pupil in this type of problem 
are twofold: 


1. Those arising from the analysis of the problem and the setting 
up of the equations. 

2. Those arising from the difficulty of the solution of the equa- 
tions. The comments made above apply here as well, but, not only 
does the use of two unknowns facilitate the setting up of the equa- 
tions but it decreases the difficulty of their solution as well. 


By the second method there will be no danger that the amount 
at 6% will be represented by d — 3600. That error is so common 
despite all drilling that any method which makes its occurrence un- 
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likely deserves attention. Furthermore, the difficulty of clearing frac- 
tions is reduced to a minimum when there are only two terms in the 
left member, instead of the bewildering combination of a fraction 
and a parenthesis. We all know the energy that has to be expended 
before the class learns to simplify that expression with any degree of 
success. Should a minus sign precede that expression, the probability 
that the majority of the class will get that example right becomes 
almost nil. The use of two unknowns obviates, in the majority of cases 
that other stumbling block to most students, the removal of a paren- 
thesis preceded by a minus sign. 

Throughout the above discussion I have made two assumptions: 
(1) That the method of elimination by addition and subtraction is to 
be used at first in the solution of 2 unknowns, and (2) that the solu- 
tion of equations involving two unknowns is inherently no more 
difficult than the solution of one equation with one unknown. I believe 
that the experience of most teachers bears me out in the above asser- 
tions as well as in those that will follow. Even the dull students master 
the technique and all the students like it. It gives them a feeling of 
power that the equations of one unknown do not. And if there is a 
student whose mind cannot grasp it, he will surely not be able to set 
up the equations required of him by the traditional method. 

Problems involving ratio and proportion can often be solved in a 
much more natural fashion by the use of 2 unknowns. The experienced 
teacher will be able to verify the above statement from his own ex- 
perience. 

Let us take one more problem to illustrate the superiority of the 
method of systems of equations. 


The sum of two numbers is 36 and their difference is 12. What are 
the numbers? 


The solution by one unknown is as follows: 


Let / =the larger number 
then 36 — / = the smaller number 
then !— (36 —l) = 12. 


Observe again the pitfall of a parenthesis preceded by a minus sign 
which the student does not learn to avoid until he is well on in his 
second term. It would be inadvisable to postpone the teaching of 
problems of this type until he has mastered that operation. By the 
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use of 2 unknowns it is a question which is easier, the setting up of 
the equations or their solution. They are of course: 


Let /= the larger number 
Let s =the smaller number. 
The equations are: 
l+s= 36 
l—s=12 
By addition, 
2i= 48 
l= 24 etc. 


In view of the arguments proposed I therefore recommend that the 
solution of problems by the many-equation method be introduced as 
early into the course as practicable so as to give the pupils the benefit 
for as long a time as possible. 

Specifically my recommendations are as follows: 

(1) The first few weeks of the first term of algebra are to be de- 
voted to the usual study of the language of algebra, the evaluation 
of formulas, and the solution of problems that really involve no more 
than one unknown. A problem such as the following one appears in 
many books at the very beginning of the course but it is really not of 
one unknown. 


Mary has 7 cents more than John, and both together have 23 cents. 
How much has each? 


A little more interest in the problems of the groping youthful mind, 
and less emphasis upon results obtained will convince the sceptic of 
the deep gulf that the solution of the above problem expects the be- 
ginner to bridge in the three or four weeks that he has studied algebra. 
Our undoubted success in teaching that type of problem at so early 
a stage and with one unknown is due more to our perseverance and 
the pupils’ imitativeness, than to our psychological insight. The fear 
expressed by many teachers of a shortage of problems that genuinely 
belong to the one-unknown type, is I think unfounded. A hasty pe- 
rusal of any text book of algebra, will, I am sure, convince the reader. 
And even if it were true that there are not enough problems of that 
sort, that would be another irrefutable argument for an earlier intro- 
duction of the method of solution by equations with two unknowns. 

(2) Addition and subtraction should now be introduced dealing 
especially with simple monomial and binomial expression such as will 
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appear in the addition and subtraction of equations. Only the law of 
signs need be taught and the student is now ready for the topic of 
two unknowns. Observe that multiplication and division are not re- 
quired for a mastery of the new subject matter. 

The gain of an early introduction of simultaneous equations is, then, 
in summary, as follows: 

1. A powerful and elegant mathematical tool, which will eventually 
be taught is introduced early in the algebra career of the student so 
that he may derive all the benefit from a prolonged acquaintance 
with it. 

2. It eliminates to a large extent a technique which is conducive to 
certain errors which will be made no matter how much drill is given. 
3. It saves much time that is expended in artificial approaches. 

4. The pupils themselves prefer that method to the old when they 
are given a chance to choose. 

5. It discourages the use of crutches and inculcates instead a habit 
of reasoning in terms of symbols, which is the very essence of mathe- 
matical thinking, and which the student may carry away with him into 
his later life long after all the tricks and puzzles have been forgotten. 








PLAYS 


Back numbers of The Mathematics Teacher containing the 

following plays are available and may be had from the office 

of The Mathematics Teacher, 525 West 120th Street, New 

York. 

A Near Tragedy. Miller, Florence Brooks, XXII, Dec. 1929. 

An Idea That Paid. Miller, Florence Brooks, XXV, Dec. 1932. 

If. Snyder, Ruth L. XXII, Dec. 1929. 

Mathematical Nightmare. Skerrett, Josephine, XXII, Nov. 1929. 

Mathesis. Brownell, Ella, XX, Dec. 1927. 

The Eternal Triangle. Raftery, Gerald, XX VI, Feb. 1933. 

The Mathematics Club Meets. Pitcher, Wilimina Everett, XXIV, 
April 1931. 


Price: 40¢ each or 25¢ in orders of four or more. 




















Gottfried Wilhelm Leibniz 


Born at Leipzig, June 21, 1646 O.S. 
Died at Hanover, November 14, 1716, N.S. 


THERE are many contrasts between the career of Newton and that of 
Leibniz. Newton’s father was a farmer and we suspect that Newton 
was sent to Cambridge after an unsuccessful attempt to make a farmer 
out of him. Leibniz’s father was professor of moral philosophy at 
Leipzig. Leibniz began Latin at the age of eight, Greek at twelve. 
At fifteen, he began to study law at Leipzig. When Newton went to 
Cambridge, he studied under Isaac Barrow who, as we have seen, 
was one of the great mathematicians of the period. At Leipzig, there 
was little opportunity for a student of mathematics. Consequently 
Leibniz did not really begin the subject until 1663 when he attended 
the university at Jena. 

In 1667, Leibniz entered the service of the Elector of Maintz to 
take part in the revision of a statute book. In 1670 Louis XIV seized 
some towns in Alsace-Lorraine thus threatening the various countries 
in Germany. It should be remembered that this was two centuries 
before the unification of Germany and the name, like that of Italy at 
the same period, was merely a “geographical expression.”” The action 
of the King of France, led Leibniz to publish his Thoughts on Public 
Safety which urged the formation of a new association of the countries 
along the Rhine for mutual protection. Instead of making war on each 
other, the countries of Christian Europe were to cooperate in con- 
quering non-Christian lands, and in particular, if France would leave 
Germany alone, Germany would help in the conquest of Egypt by 
France. Leibniz was then (1672) invited to Paris to discuss these 
ideas further. In Paris, he met Huygens and other mathematicians. 
His interest in mathematics is largely traced to this period. 

In 1673, he spent some months in London where he became a mem- 
ber of the Royal Society and where he exhibited his calculating ma- 
chine. 

On the death of the Elector of Maintz, Leibniz was put in charge 
of the library of the Elector of Hanover. This work seems to have 
given him leisure for the study of philosophy and mathematics and 


‘For his account of this machine, see A Source Book In Mathematics, edited 
by Professor D. E. Smith. 


183 














184 THE MATHEMATICS TEACHER 


for correspondence with the Bernoullis, Wallis, Huygens, and others. 

Students of the calculus will be interested to read The Early Mathe- 
matical Manuscripts of Leibniz, edited by J. M. Child. The Newton- 
Leibniz controversy regarding the discovery of the calculus is dis- 
cussed in Professor Cajori’s History of Mathematics and elsewhere. 
From the point of view of secondary mathematics, the most important 
aspect of the work of Leibniz is in connection with the symbols of 
mathematics. This was a topic in which he was keenly interested and 
it may safely be said that no mathematician has devoted more care 
to this study. Others invented many symbols but no one seems to 
have experimented with so many different types of characters. Leibniz 
studied them from the point of view of typography, rejected ones that 
failed to meet his requirements, tried others and consulted his friends 
as to the values of one or another.? He seems to have tried four sym- 
bols for equality: those of Recorde and Descartes, a vertical line, and 
a symbol like a square which lacks a base line. He tried six signs for 
multiplication: an arc, a St. Andrew’s cross, a comma, a raised period, 
a semi-colon, and an enlarged asterisk. He tried at one time to avoid 
the difficulties in type setting by indicating a cube root by a radical 
sign followed by a 3 enclosed in a square or in parentheses. At other 
times, he wrote the index as we do. He preferred the colon for a sign 
of division and objected to the St. Andrew’s cross for multiplication 
on the ground that it could so easily be confused with an x. He dis- 
carded the double colon often used in writing a proportion and used 
the equality sign instead. 

Leibniz is also responsible for our symbol for similarity. His sign 
for congruence used just one horizontal line beneath the sign for 
similarity. He was the originator of the integral sign and for the ~ 

x 


notation of the differential calculus. Newton had used “pricked letters” 
for derivatives. These had one, two or three dots over them to show 
the first, second or third derivative. English mathematicians for the 
most part kept to the Newtonian notation until the early part of the 
nineteenth century when it was said that they “adopted the d-ism of 
Leibniz in preference to the dot-age of Newton.” 

One of the most striking contrasts between the careers of Newton 
and of Leibniz is in the latter part of their lives. Newton was given 
an important post in London, he was president of the Royal Society, 


* See Florian Cajori, History of Mathematical Notations II, 180-196, 201-205. 
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and he had been knighted by Queen Anne. But when the Elector of 
Hanover became king of England in 1714, Leibniz was left behind 
in Hanover. In spite of his notable work in mathematics, philosophy, 
theology, history, and jurisprudence, neither the Berlin Academy 
which he had founded nor the Royal Society of which he was a mem- 
ber took any notice of his death. 


VERA SANFORD 
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The Banquet of Angles. 





By Mary KatHryn ROSENDAHL 
Petersburg High School, Petersburg, Illinois 


SUCH EXCITEMENT! All the angles of Geometryville had been in- 
vited to a large banquet and the long expected evening had arrived. 
They came from all parts of the town, some from the corners of 
rooms and windows, some from the furniture, and some even from 
the drill pads. All the angles were seated about a huge table covered 
with many kinds of food. There were delicious triangles surrounded 
by line-segments, tempting squares of plane surface, many circles 
filled with arcs and even bisectors and perpendiculars. Everyone was 
laughing and having a wonderful time. 

Mr. and Mrs. Adjacent Angles sat side by side enjoying their meal, 
but Mr. and Mrs. Vertical Angles sat opposite each other, one on one 
side of the table and one on the other side. Mr. Right Angle chose 
to sit at one corner of the table. 

“T wish I could eat as much as some of you other angles,” com- 
plained Acute Angle. “My sides are so near together.” 

“T can eat more than you,” said Obtuse Angle. “There is a big dis- 
tance between my sides.” 

“Ho!” laughed Mr. Straight Angle. “I can eat more than anyone 
here.” 

“Oh, no, you can’t,” cried a voice from the far end of the table. It 
was Reflex Angle. “Look at my sides!” 

Everyone gazed at him in astonishment. Sure enough! He was 
the largest angle at the banquet. 

Proud Mr. Reflex Angle kept eating and eating. In fact, he ate so 
much that some of the oblique angles who were sitting near him 
thought he would burst. Suddenly it happened. One of his sides 
broke loose and rotated a perigon about the origin, scattering bits 
of line-segments all over the floor. 


* This article was sent to THe MATHEMATICS TEACHER by Mrs. Georgia 
Terhune Waldron, Instructor in Mathematics at Petersburg, Illinois. 
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